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AUTHOR’S PREFACE 

Descriptive Geometry and Engineering Drawing are among the 
first engineering subjects taught at institutions o higher education. 
These subjects are essential if the students are to obtain a funda¬ 
mental knowledge of the design and construction of machines and 

m 6 E) esc rip fi v e geometry, as a specific field of knowledge, like many 
others, arose and developed as a direct result of man s creative 

labour remajns f or t resses> palaces and other structures found 
in India, Egypt, Greece, and other countries where there 
existed ancient culture, show that they were built in accordance 
with representations resembling modern drawings and conforming 
to the laws developed by descriptive geometry. A statue discovered 
during the excavations of ancient Babylon shows a man holding on 
his knees a slab with a structural drawing on it. The representations 
of plans and parts of building have also been found on the walls 

of Egyptian pyramids. , , , , „ 

In our times Russian scientists and engineers have played an 

important role in the development of descriptive geometry and 
engineering drawing. Descriptive geometry in Russia was taught 
as early as 1810 in the St. Petersburg Institute of the Road Engi¬ 
neering Corps, now called the Leningrad Institute of Transport 
Engineering. Russian scientists have written a number of books on 
descriptive geometry, including such comprehensive courses as 
Fundamentals of Descriptive Geometry by Prof. I. A. Sevostya- 
nov. Descriptive Geometry by Prof. P. A. Galaktionov, as well 
as the textbooks A Course of Descriptive Geometry, On Curved 
Lines and Curved Surfaces, Manual of Engineering Drawing 
by Prof. A. C. Reder, the books Complete Course of Descriptive 
Geometry and Course of Linear Perspective Drawing by Prof. 
N. N. Makarov. Many other books were written by various authors 

during the first half of the 19th century. .. 

The Soviet period in the history of methods of representation is 
marked above all, by broad research work, better organization and 
improvements in the methods of teaching descriptive geome ry, 
drawing and technical sketching in technical colleges and institutes. 



Soviet scientists working in this field have contributed important 
theoretical works on diverse aspects of descriptive geometry. One 
such example is the work carried out on what are known as con¬ 
ditional representations by Prof. N. P. Chetveroukhin. which has led 
to the establishment of an entirely new branch of descriptive geom¬ 
etry. Others are the work on the problem of the precision of graphi¬ 
cal constructions by Prof. D. I. Kargin, on the use of axonometric 
projections in architectural drawings by Prof. A. I. Viksel, on the 
use of methods of descriptive geometry in physical and chemical 
research by Academician N. S. Kournakov, Prof. V. N. Forma- 
kovsky and Prof. A. E. Anosov and, in mechanics, the work of the 
lecturers G. A. Ananov, E. A. Radov and many others. 

Scientists who will work in the field of descriptive geometry are 
being trained at many institutes of the Soviet Union, in Moscow, 
Leningrad, Kiev, Tbilisi and other cities, where special departments 
of descriptive geometry and engineering graphics have been 
organized. 



preface 

.. Th h e eln ge 0 oT et their ^^esenfations^or' 5 dr r awin S g U s lly By tU means V ' t o , j 

’SSs issejsxpjz-* - 

Zauasfitrj; .ass a fiwS 

°[ d 3 rawings- udy ^ ^ methods q[ solving problems inV olving forms 

in Rescriptiv^gMmetry^s fheHthecM-eticalT^undation of engineer- 

to think in three dimensions. Creative engineein.b 

ability is quite impossible. , 11 . v j(|, s ( C p by step. 

In this book descriptive geometry is dealt ^ u P, ^ c [ s 
Numerous examples are given to diustrate au ne 
outlined and the methods of constructing projection^ 

In this work the geometrical elements of objects in space 
denoted in the following manner: 

Points — A, B, C ,... 

Straight lines — a, b, c ,... ar CD EF 

Segments or portions of straight lines 

Planes — a, p, y, b. • • • 

n 



The principal planes of projection: 
the horizontal plane — 77,; 
the frontal or vertical plane — 77 2 ; 
the profile plane — 77 3 . 

The axes of projection or ground lines — Ox, Oy, Oz. 

The traces of oblique planes — k, l, m. 

The trace-projections of projecting planes —- aj, p 2 , Y 3 ---- 

New positions of points — A, B, C, ..., A, W, C,... 

Sequence of points — A', B',..., A", B", ... 

Coincidence of two elements — a = b, A\^B U ... 

This system of notation is further developed: 

1. On the horizontal plane of projection 77, the projections of 

points — AuB u C Xt D x . A[, B[, A\\ ... 

The projections of straight lines — a u b { , C\, d,,... 

The projections of portions of lines — A X B X , C,D,, E.7 7 ,. 

A,A , B,B[, A,A“, ... 

The horizontal trace of an oblique plane — k\. 

The horizontal trace-projection of a plane a±77,—a,. 

2. On the frontal plane of projection 77 2 the projections of 

points - 4 2) B 2 , C 2 . D -2 . A' 2 , B 2 , A 2 , B 2> ... 

The projections of straight lines — a 2 , b 2 , c 2 , d 2 ,... 

. r ie /i? ns of p° rti ° ns ° f iines — a a c 2 d 2 , e 2 f 2 , ..., 

*1 * 2 ) ^ •) ^51) y 2 2 y • • • 


The frontal trace of an oblique plane — l 2 . 

I he frontal trace-projection of a plane aX77 2 —a 2 . 

3. On the profile plane of projection 77 3 the projections 
points - A 3 , B 3 , C 3 , D 3 .4;, B v A'; t B " ... 

The projections of straight lines — a 3 , b 3 , c 3 . d 3 ,... 

, Jhe projections of portions of lines — A 3 B 2 , C 2 D 2 . E 3 F 3 . . 
/i / 1 3 , Lf 3 Li , A,A ~, . . . 


The profile trace of an oblique plane — m 3 . 

The profile trace-projection of a plane al/7 3 -a 3 . 






Chapter I 

types of projections 

§ 1. Central Projections 

In descrintive geometry the construction of plane-geometry 
drawings, represenfing three dimensional^ designs of object , 

ba 1n Fig'! points °/and "tuated in space in front 

of p ane #**. Through these points a straight line is passed to pierce 






Fig. 1 


Fig. 2 


ssfessssss 

rays e orig?n^t\n^at°the^cenfre^ a a r nd^prohrcthng^the curve^/tBC^forms 

conce^ro/centrarpr^iectiom* although ^H^noPdeaH'witl^in'detail 
in this book. 


• The word “projection" comes from the Latin projicere t 
•* FI is the first letter of the Russian word n/iocnocTb meant 


to hurl or throw, 
meaning plane. 


II 



§ 2. Parallel Projections 

If the centre of projections 5 is considered to lie at infinity, it 
follows that all the projecting rays are parallel. In order to draw 
these rays it is necessary to know the direction of projection. The 
representations thus obtained are called parallel projections. 



Fig 3. shows the construction of the parallel projection A x of point 
A on the plane of projection /7. The lines to which the projecting 
ray AA { is parallel gives the direction of projection. 

The parallel rays which project the points of curve ABC (Fig. 4) 
form a cylindrical surface, that is why parallel projections are also 
called cylindrical projections. 

The given direction of projec¬ 
tion may form an oblique angle with 
the plane of projection or it may 
be perpendicular to the plane. 




f/onWFia' 4? Se ‘Ih paralle J Projections are called oblique projec¬ 
tions (Fig. 4) in the second case right-angle projections (Fio- St 

of a riahffi™. 0bliqUe , Pa ^ lel Pr ° jeCti0n is the representation 

and the nwTJ ^ ^ 

^tructed^according to the P rules'MaS 

Ch. XI AX0n0metriC proiec(lon ' w hich includes frontal projection, is discussed in 
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When representing objeds by means frontal f — ^ 

flK £afc‘ wffZ&'T' 

quadrant “n"a°s n angles of 45“ and 135=, and the iength of 





Fig. S 


lines is distorted unless they are para.leMo «* anu^ 

wayso repTsenting a cube by means of parallel pro- 

faC In° f engineering’pradice right-angle projection 
is most widely used bec f a ^^ and the possibility 

simplicity, the precision o rlistortion Right-angle projection 

§ 3. Orthographic Projections 

Orthographic projection is Musi^ rate f ^ ^e horizontal 

within the right dihedral or „^^J 0 ^o bi St having all its 
plane ri\ and frontal plane 2 , corre sponding plane 

faces either parallel or P^ uDwr ,.™ and other'faces parallel 
?o fhlrepaf aUeTtoplane^, andZ the same time perpendicular to 

plane 772, and so on. 
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Let the planes /7j and /7 2 be the planes of projection onto which 
the object is to be projected. Projecting lines are passed through 
its vertices perpendicular to the planes of projection. Then the 
points, where the projectors, perpendicular to plane IJ U pierce that 
plane, determine the horizontal projection of the object. The points 
where the projectors perpendicular to plane 77 2 , pierce that plane. 



Fi «- 10 Fig. 11 


give the vertical or frontal projection. In Fig. 10 one vertex is 

byW„ d d^SveV nd itS h0riZOnta ' and fr0ntal pr0jedi0ns 

?i A Z’M « 

to p. " n ;* ! * 7 dry ‘° " na B |ne two groups of projectors perpendicular 
‘f Vi , ■ ' a ' ld , /?2 ' respectively, and passing through the vertices 

of the horizontal and frontal projections of the object Then the 

or™ h ,e lh 0bje , Ct and its P os >tion within the limits of the dihedral 

Of the irneIsection e 0 S fTh P a nrnV*'t"'" become a PP a rent as the result 
jections of the same • P f sln S ‘^oogh the two pro- 

?afr !K 



projection. To avoid such distortions of the right angles on the draw- 
P , the nlane of projection /7i, together with the horizontal projec-. 
Hon of the object P s'rotated about the straight line of intersection 

plane"/72 The direction of rotation is indicated by an arrow This 
rotation is shown in Fig. 10 as completed. The new position of pro¬ 
jection At being /T, and of plane 77, being 77, When the horizontal 
projection of the object is brought into coincidence with plane /7 2 

there are no distortions of the right angles. , 

In Pia 11 the Dianes /7, and /7 2 are shown as coinciding, and 




Chapter II 

THE POINT 

§ 4. The Multiview Drawing of a Point 

The following important facts regarding the projections of a 
point should be carefully noted: 


I.One projection alone does not define the 
position of a point in space. This can readily be under¬ 
stood from Fig. 12 in which the point A and its orthographic projec¬ 
tion A i on plane /7, are shown. On the projector from point A per- 



br'tiken' -Vn?*. ?'• ? ny "Ji m J er of P oints C. and so on, may 
one and the^nm ^ projected onto the plane as 

project!on^ ^£22'^'}- K e ~ A ' = B '^C>. If plane 77,, with the 
Of the drwinr/FicTi^* J? br ^ hi l nto coincidence with the plane 
is the distance Inm ’kf 160 y thing that can be determined 

point 1 to the side- f e ,[ )<iSC of the perpendicular passing through 
Sf proiedHon 77 1 i L 6 hat indicates part of the plane 
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on two planes of projection which intersect at right angles are 
constructed. Two such planes of projection 77, and 77 2 are shown in 
Pip 14 a The line of intersection of the horizontal plane /7, and 
thf frontal plane U 2 - line Ox - is called the ground or reference 
line. The ground line Ox divides each of the projection planes into 
two flaps, or semi-planes. The horizontal plane 77, is divided into the 


\fl, I lop ttcp,p:ane 


?eor dap. x 

\C/one P, \ 


^7] Topfiaa, 

plane H? 
(Hear Hap, plane 

n,) 


4 * 


\ Front f)ap, 
plane fl, 

! 

Bottom fin//, J77 

plane P, w 


front flap, 
plane n, 
(Bolton flap, 
plane fl ? ) 


Fie 14 

front and rear flaps and the frontal plane /7 2 into the top and 

b °Th? planes /7, and /7 2 divide space into four quarters or quadrants. 
The first quadrant is limited by the front flap of plane /Ji and the 
top flap of plane /7 2 , the second - by the rear flap of plane 77, and 
the top flap of plane/7 2 , the third — by the rear flap of plane /7, and 
the bottom flap of plane / 7 2 and. finally.the fourth quadrant is limited 
by the front flap of plane 77, and the bottom flap of plane H 2 

(F To construct the multiview drawing planes 77, and 77 2 are made 
to coincide with the plane of the drawing. Assuming plane ll 2 to 
be 5he plane of the drawing, plane 77, is rotated about the ground 
line Ox so that the front flap of plane /7, “inches with the lower 
flap of plane /7 2 . The rotation is indicated by arrow k. The rear - \U p 
of plane / 7 , is brought into coincidence with the top f lap of plan 
fl 2 by rotation in the direction of arrow / (Fig. 14, b). 

3. The orthographic projection of a point onto 

planes 77, and /7 2 is illustrated in Fig. 15. ,r > | vin(J 

The given point A is shown in the drawing (Fig. 15 a) as 1> 
within the first quadrant. By drawing Pe'Penclicular from 
point A onto plane 77, point A, is obtained. This is ' , 

projection of point A. To obtain the projection of point A on plane 
77 2 from point A a perpendicular is drawn to plane Jh :• The base 
A 2 of this perpendicular is the frontal projection of point A. 

The plane determined by the projectors AA l and AA 2 is 
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perpendicular both to plane /7j and plane 77 2 . Therefore it is also 
perpendicular to the ground line Ox — the line of intersection of 
77, and /7 2 . The plane intersects the ground line in a point. Since 
this point lies in both plane /7, and plane /7 2 , it is denoted by a 
double subscript as A l2 . 

The figure AA x A l2 A 2 is a rectangle. Therefore, if it is required to 
find the frontal projection A 2 of point A. given point A and its 
projection A\, the procedure is as follows: 



1. From the horizontal projection A\ of point A a perpendicular 
is drawn to the ground line Ox which intersects Ox in point A x2 . 

2. From A x2 in plane /7 2 we erect a perpendicular to Ox to 
intersect with projector AA 2 in point A 2 which is the required frontal 
projection of point A. 

To obtain the multi view drawing of point A plane /7 t , 
containing projection A\. is made to coincide with plane 77 2 by 
rotating it about the line Ox. The new position of point /1| 
(big. 15. a) is then point A\. The radius of rotation of point A x is 
the length of line .4|^ )2 and the centre of rotation is point A x2 . Since 
the rotation oi point A\ takes place in a plane perpendicular to 
ground line Ox. then, aiter rotation, point /l, will lie on the straight 
line passing through points A 2 and A 12 . 

It follows that in the multiview drawing (Fig. 15. b) the two 
projections A i and A 2 of the original point A are located on 
"nc and the same line .4|.4 2 perpendicular to the 
g r o u n d line Ox. 1 his line is called a vertical projector 

Let us take note of the fact that the portions of the straight lines 
2 and AA 2 are equal, as are rl 2 .4 12 and AA,. since they are 

^P° r s ‘ te s “^ s °! , a rectangle (Fig. 15, a). The length of AAt 
determines the distance irom point A to the frontal plane /7 2 . On 
the multiview drawing (Fig. 15, b) the distance of point A 
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from Diane lh is given Dy me „ . , . . . 

the distance from the horizontal projection A\ of 

the Doint to the ground line Ox. 

The distance of point A from the horizontal plane of projection 

77, — the altitude of point A - is equal to A 2 A , 2 (Fig. 15, a). On 
the multiview drawing (Fig. 15 b) the d .st.aince of Po 1 n 1 : A 
from Diane 77, is given by the length of line A 2 A X2 . 
i. e., by the distance from the frontal projection 
A 2 of the point to ground line Ox. 

4 In order to read the multiview drawing of point A (Fig. 15. 6) . 
i e to establish the position of the point in space in relation to the 
planes of projection % and /?,. one should imagine ‘hat the draw- 
in? is folded along the ground line Ox until the planes 77, and U 2 
are perpendicular. The lower part of the drawing then occupies the 
position of the front flap of the plane 77,. and the top part of the 
drawing — that of the top flap of the plane 77 2 Then imagine 
that through points A t and A 2 lines, perpendicular to the respective 
planes 77, and 77 2 . are drawn. The intersection of these per 
pendiculars determines the position of point A in space. 

§ 5. The Projection of Different Points 
in Relation to the Planes of Projection 

1 Points situated in the 2 , 3 and -/quadrants. 
A point in a system of two planes of projection //, and /7 2 may 
lie in one of the four space quadrants, on one of the plane flaps or. 

finally, on ground line Ox. 



Fid 16 
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We have already seen one of the possible positions of a point. 
Point A was located in the first quadrant (Fig. 15. a, b). The 
distinguishing feature of the multiview drawing of such a point 
(Fig. 15, b) is that its horizontal projection lies under the ground 
line Ox while the frontal projection lies above this ground line. 
In the case of point B, which is in the second quadrant 
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(Fi CT 16 a), both projections on the multiview drawing are located 
above the ground line Ox (Fig. 16, b) because the horizontal 
projection £, of this point moves with the rear flap of plane 11 , 
which is made to coincide with the top flap of plane n». 

Point C is located in the third space quadrant (Fig. 17, a). Un 
the multiview drawing (Fig. 17, b ) the horizontal projection C, of 


Fig. 17 




point C is located above line Ox, since after rotation C\ will lie in 
the top flap of plane /7 2 . while the frontal projection C 2 lies under 
ground line Ox. 

Point D (Fig. 18, a), which is in the fourth space quadrant, has 
both its projections on the multiview drawing (Fig. 18, b) located 
under the ground line Ox, since the horizontal projection D\ of point 
D coincides with the lower flap of plane /7 2 . 

On the combined multiview drawing 
(Fig. 19) the projections of all the points A, 

B, C and D arc shown for the purpose of 
comparison. 
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% 




c, 


V 




©®©o 



Fig. 19 
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The horizontal and frontal projections of points A and1C: in the 
odd-number space quadrants (1 and 5) are located on 
opposite sides if ground line Ox, where as both projections of 
ea P ch of the points B and D, in the even - number space quad¬ 
ra nts °(2 an d °4 )° lie on one and the same side of the ground 

line Ox. 



2. The next group of points consists of points, lying in the 
planes of projection FJ\ and /7 2 . When their position in 
space is being determined it is necessary to take into account that 
the distance from these points to the planes on which they lie is 
zero Therefore one of the two projections of these points on the 
multiview drawing must lie on ground line Ox. whereas the second 
projection will coincide with the original point itself. 

For example, if point E (Fig. 20, a) lies on the front flap of 
plane /7,, then its frontal projection E 2 m the multiview drawing 
(Fig. 20, b) is located on the ground Hne Ox, and the horizontal 

projection £| coincides with point £ (£i ===£)• 

In Fig 20, a point K lies in the rear flap of plane /7|, point L 
in the top flap of plane /7 2 . and point M in the lower flap of plane 
n 2 . One of the projections of each of the points K, L and Af coincides 
with the point itself, whereas the second, lies on ground line Ox. 

3. Finally, when point N is located on ground line 
Ox, both its projections Ah and N 2 coincide with the original 

point N. .. 

In the multiview drawing Fig. 20, b are shown the projections 

of points E, K, L, M and A'. , . 

Frorfi what has been outlined above the following conclusions 

may be drawn: 
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1. If the horizontal projection of a point in the multiview draw¬ 
ing lies below the ground line Ox, then the point itself is located in 
space in front of the frontal plane of projection '/7 2 If the projection 
lies above the ground line, then the point itself lies behind plane 77* 

2. If the frontal projection of a point lies above the ground 

line Ox then the point itself is situated above the horizontal plane 
’ of projection 77 1 - Ii 

this projection lies 
below the ground line, 
the point itself lies 
under this plane.__ 

3- If one of the 
projections of the 
point lies on the 
ground line Ox, then 
the original point lies 
in one of the planes of 
projection 77 1 or /7 2 . 

4. If both projec¬ 
tions of the point 
coincide and lie on 
ground line Ox, then 
the original point also 
lies on this line. 






b) 
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4. Projections 
on three planes. 
Let us now examine 
the orthographic 
projection of points 
on three mutually 
perpendicular planes 
of projection, intro¬ 
ducing the third plane 
/7 3 (Fig. 21, a). 

The plane 77 3 is 
called the profile 
plane of projection 
and the projections on 
it are called profile 


projections. The profile 
plane of projection 77 3 intersects the planes of projection 77j and 77 2 , 
respectively, in the ground lines Oy and Oz , both of which are 
perpendicular to ground line Ox. From the drawing (Fig. 21, a) it 
may be seen, that Oxl 77 3 , Oy±I7 2 and OzlTI x . 


The planes of projection 77,, 77 2 , /7 3 divide space into eight parts 
called oclants. There are two systems of numerating the octants — 





. . . . . ort j i„f* hand In this text-book the right-hand system 

• u ^ • TZtrr 9 i n Thp seauence of the first four octants (1, 
and^r coincides 2 witt, the Xence of the four quadrants ^ornred 
by the intersection of the^ planes of (?^ ectl °" e j ane „ 3 - n the 

ar^numbered X* the sXTsituated under plane 17, behind 

s •? srjusrs 

Une OxTntfl ft coincides with, the 

Eli the‘^t. as^Xground^line 
£ Jffiflf coincides with^the frontaljrlane TO. second rotation 

WSft arrows*n^andjt) Thus we obtain^Uiv^drawhjg 

tnt e al P "ne “/ P-Tctn I 7 2 ’is taken 

and remains stationary, the grounddrawing. 

will not change their positions on h e mu't.v.ew ora g itive 

cides with the positive direction of the Oz line. 

5. It is often convenient to es t a bl ish the .posUi; on of 

thei point, is aligned by 

rectangular coordinates the pi [^nates. The point O of 

ik „i ^gstnixsAT. • «• 
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tively equal to the lengths AA$, AA 2 , AA\, i. e., the distances of 
point A from the planes /7 3 , TI 2 and /7j; 2) *>0, if A lies to the left 
of 77 3 ; *<0, if A lies to the right of /7 3 ; 3) y> 0, if A lies in front of 
n 2 \ y< 0, if A lies behind /7 2 ; 4) z>0, if A lies above //,; z<0, if 
A lies under Tl\. Knowing the coordinates of a point it is possible 
to construct the projection of the point and, conversely, by means 



Fig. 22 



ol the multi view drawing the coordinates of a point may be 
determined. 

The planes AA\A 2 , AA 2 A 3 , AA 3 A { , fl [t fl 2 and /7 3 form the 
rectangular coordinate parallelepiped. 

The coordinate signs for all the octants are given in the 

table. 



Coordinates 

Octants 

X 

y 

• 


Signs 

of the Coordinates 

1 

2 

3 

+ i 

•f* 

~r 

■ -r 

+ 

+ 

•1 

i 

T 


— 

5 

— 

4- 

+ 

(i 

7 

S 

— 

— 

+ 

' 

+ 

— 


6. In Fig. 22, a point A is 
situated in the first octant. 
Its coordinates x, y, z are 
respectively equal to 7, 13 and 
18 mm. This should be checked 
from the drawing. The construc¬ 
tion of the coordinate parallel¬ 
epiped of this point consists in 
marking the points A\ 2% ,4 !3 and 
A ->3 on the lines Ox. Oij and Oz. 
This is done by stepping off a 
distance of 7 mm from point O 
on the ground line Ox, a distance 


of 13 mm on the ground line Oij 
dn o a distance of 18 min on Oz* The other edges of the 
parallelepiped are drawn parallel to these segments. 

It should he noted that any two projections of point A are con- 




t „. „ f thp faces of the coordinate parallelepiped, when 

tamed in each ol the mces olane of projection. For 

this face does not coincide nroiections At andi4 2 , lie in the 

example, the horizontal and n f a , ] and profile projections, A\ 

profile face ^-^ 1 ^ 12 ^ 2 - The finally, the frontal and 

P and ^ 3 , He in the frontal face AAM ™"fr >ce AAM of 
profile projections, A 2 and A3, ne 1 

the parallelepiped. Therefore, to 
obtain two projections of a point, 

given its coordinates x, y and z. 
it is necessary to construct 
only the corresponding face of 
the coordinate parallelepiped^ 

The projections A\ and A 2 01 
point .4 (7; 13; 18) are shown in 
Fig. 23. First from point O on 

the line Ox mark off the distance 

x=7 mm (04 ]2 = 7 mm). After 
that on a line, drawn from 4 i 2 
parallel to the line Oy, the 
distance A\ 2 A\ = 13 mm 
marked off. Finally, from point 
An a line is drawn parallel to 
axis Oz, and the distance A l2 A 2 - 

~ 1 H^t^s'neTes^ofJo Mnstriict 

ThusTn'Fig 6 ^Mdits projection 4, are obtained by draw¬ 
ing the coordinate open polygon 12 i f ron tal projections of 

The construction of the hor zonta and iron ^ ^ for 

point A in the multiview (Fig. 15, b). The 

c a on y st P r°uctU OC ofthe 'profile projection * <^f point 
Z 2) from pointy, layoff along this line. 

to the right Of Oz, dist ^" ce n ^c\7on of point A This is so because 

to y, given by the coordinates of point A. 

7. Let us now consider thc fl J 0 "^ uctl ‘octa^ts.^Point 1 ^ Ties in the 
ings of points located ini the; o ctjons B]B2 a „d in Fig. 24 a 
second octant (Fig. 24). I P J f n e f ace (BB\B\ 2 B 2 ) and the 

are obtained b Y construct! g ^ e P coordinate parallelepiped, 
horizontal face (BB 2 B 2 3B3) o principal projec- 

In the multiview drawing (Fig. 24, o> me i 



tions B x and B 2 of point B are located to the left of point O and 
above ground line Ox. The construction of these projections 
corresponds to that of points Bi and B 2 in Fig. 16, b. 

The profile projection B 3 is located to the left of Oz since, after 
the plane /7 3 has been revolved about the ground line Oz, the rear 
half of this plane coincides with the left half of plane /7 2 . The 



Fig. 24 


construction of the profile projection B 3 of point B is carried out 
as follows: 1) through the frontal projection B 2 a horizontal projec¬ 
tor is drawn parallel to Ox ; 2) on this projector, to the left of Oz 
lay off the distance y equal to the distance (B,£ 12 ) at which projec¬ 
tion lies from the ground line Ox. 



Fig. 25 


. Po j nt C lies the third octant (Fig. 25, a) and in the multi- 
v^ew drawmg (Fig. 25, 6) the positions of its principal projections 

third quadrant ( Fi S p a T7 a M th ° Se th< ; Projections of a point in the 
Ihr? q . u h adrant (f £■ b )> namely, the horizontal projection lies 

above the ground hne Ox. and the frontal projection lies under Ox. 







To construct the profile projection C: 3 by means <'n ttouglTpoInfc;. 

s n ;,tss«was °w&-»•- »■ *“ 

is equal to the length of CiCi 2 - nrtant (Fip 26). Its projec- 



Ffe. 26 


the help of the profile face (DDgM of the coordinate parallel- 

epiped and the frontal face {D ,13 a) - multiview 

The principal projections D^ndU 2 o\ po ni d with the 

drawing' (Fig 26. b) ( ^^"qu^an? (Fig. 18. ft). 

construction o a point s,tu ^. t ®^ i 1 D of point D by means of these 
To construct the profile projections 3 P horizontal projector 

projections, through the frontal p J positive coordinate y . 

is drawn and on it. to the nght of Oz the P™ 1 \ ew drawing of 
which is equal to D,D,2, is a.d off. From the muii.u ec . 

points fl. C and ° situated in the /. 2^3 >^"projections of these 

lively, it can easily be s “" ‘ h *f /he multiview drawing (divided 

|t| of the multiview drawing (Fig. 22 »)• ‘ P i q[ the draw- 
point B of the second octant les in e (he third octant 

ing (Fig. 24, O• The Project 10 " g^po.^ (p . g 25 ft) Finally, 
lies in the lower left part ,3j . t nt lies in the lower 

the projection D 3 of point D o e b) Thi will help the student 

right part 0 of the drawing (F,g. 26 his wp ^ three 

to orientate himself more qu' ck 'y h t ( octants. It will also 
projections of points situated in the ursi iou ^ 











help him to determine, by means of the multiview drawing, in which 
octant a point is located in M^ce. respe ctively in the fifth, sixth. 

Tame 6 as e fo 0 r pointsT °and D, i. e„ the principal projections of 


z;-Y, 



Fig. 30 


these points on 

then their projections on plane uz 
already outlined. 

It should be noted that: Droiec tions of points which are 

1 The horizontal and fronta 1 P J jn t he multiview draw- 
located in the 5, 6 , 7 and 8 octants , s en ^ ^ ? and 4 octants, 

ing in the same order as the pom words the projections of 

po^nu'in 11 the^oddmumbere(?|m|tanJs^(d^and^7^ ^'jjjjj^'th^even- 

numbered octants" (6 and«)are ^“located In the°5,' 6 . 7 and 8 

the 

ed by lines x, y. z as shown mi g- of the corresponding 

are obtained by subtracting n £ 3 of point E in the fifth octant 
octant. In this way the p right-hand part |7] of the multi- 

(Fig. 27, b) is situated in 1the top rig f jn ^ sixth octant 

view drawing. T he ,, pr ?^ C }‘? t part 151 P of the drawing. The projec- 
(Fig. 28. b) lies in the top left part ^ Ucs in the lower 

tion Kz of point K in the . seve "^ ^aHy [ h £ projection U of point 
leftside 0 of thedrawmgand. n ly^ua^ }„ the lower right 
L in the eighth octant (Hg. au, u > 
part \4\ of the drawing. 
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3. Since the values of x for points located in the 5, 6, 7 and 8 
octants are negative, the horizontal and frontal projections of these 
points in the multiview drawing are situated to the right of Oz. 


Problems and Exercises 


1. Does one projection of a point determine the position of that 
point in space? 

2. Prove that two projections of a point completely determine 
its position in space. 

3. Prove that in the multiview drawing two projections of a 
point are located on one line perpendicular to the ground line. 

4. How is the distance from plane /7, of the projection of a point 
determined in the multiview drawing? 

5. How is the distance from plane /7 2 of the projection of a point 
determined in the multiview drawing? 

6. W hat is the position in space, in relation to plane f1 x , of a 
point, the frontal projection of which is a) above the ground line 
Ox, and b) below it? 

7. What is the position in space relative to plane fJ 2 of a point, 
the horizontal projection of which is a) below the ground line Ox 
and b) above it? 

8. How are the principal projections situated in the multiview 

drawing of a point which is a) in the first quadrant, b) in the 

second quadrant, c) in the third quadrant, and d) in the fourth 
quadrant? 

9 How are the principal projections located in relation to the 
ground line Ox in the multiview drawing of a point which lies a) in 
the front 1 lap ot plane /7,, b) in the top flap of plane /7 2 . c) in the 
bottom flap of plane /7 2 , and d) on the ground line Ox? 

10. How is the profile projection of a point determined in the 

planes 1 /?;’and'^T " ,eanS ° f ‘ W ° P rinci P al Projections on 


an 

c) 


11_. In which octant is a point located il a) its coordinates u 

' '• ar ® po . s . ltlve * lf b) x and e are positive and y negative, and il 
a i^> negative and y and z positive? 

12. Winch are the positive and which are the negative coordi- 
dr^luLd^ ,OCated in thC 3) — b > c) Seventh. 

13 Construct the three-dimensional drawing and the multiview 

andD n f 2 0- §? mtS in ( T : » ,5: 71 ’ ? 110; - l5; 20)f C (15 _To; - 2* 

Hi • ? 0> FirZ7 n ' 1 c0ord ' n , atcs are g' vcn 'n mm. 
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Hint. i. n~V » 

SJSSiWf"--- 

JSMpSS^. C symmetrical to 
point A in relation to plane 17, i. 

and point D symmetrical to point r 

A in relation to the ground line 6, , 

•Ox I 

Hint. Point A is located in 

the first quadrant (all the three I Cf __£_J U_h— 0 

coordinates x. y and z are post- *—M ] E, 

tive). Therefore • point B lies 

in the second quadrant, point c 1 

in the fourth and point D in the ^ [ D ' \ 

thlF 16. Construct the three- 2 y 

vi^w en d S rawiig V of W points /, Tand Fig. 31 

sawas s.'.m ”»r„ g n, c S f* „ -«- 

17 Write down the coordinates of . th « Jf, ( p icT 32> 

state in which octants these points are^ocated (F |P ^ bc 

Hint. The text explaining 1 ig*>- ^ ^ 
studied. f pr0 j e ctions of points A and B 

construct^their third ‘projection anii indicate the octants m which 
these points lie (Fig. *3)- the multiview drawing 

the^nllfS^S^ IS any point lie on the verhcal 



•y 

Fig 32 


Fig. 33 


31 


projector, i. e., on the line perpendicular to ground line Ox, and the 
frontal and profile projections on the horizontal line of altitude on 
a line perpendicular to Oz. 

It should also be recalled that +y on the vertical projector is 
laid off from line Ox below that line and — y above it. On the 
horizontal projector that same distance +y is laid off to the right of 
line Oz, and —y to the left of that line. 


I v> 




Chapter 111 

the straight line 

8 6 The Multiview Drawing 
of a Straight Line 

1. In order to , obtai u t L he Un^plane'perpendtcufar to the plane 
line on a plane, through the: 1 ne P laI ® p f jon 0 [ this plane with 

-o 6 ,«pl»c projection o. 

the lr^Fig. 34 through a given line AB 8 f 

a plane a perpendicular to plane Plane 5A 

17, is passed. The intersection A,B, o , >; 

plane a with plane /7, determines the > f, 

only possible projection of line AB A 

on plane II d 
S ince a line is completely deter- \ 

mined by any two of its points *" st * a t ? \ ^^-6, \ 

of drawing a plane, it is sufficient to I\ 

find the orthographic projections A i c ,. r/,\ 

and B, of points A and Bon plane/?,. 

The line joining points A } and fl, t- 

is the orthographic projection of A 

S* CJ % S fa 

Sf««hth2 finTiSr'- intersec, pl.oe "r i» »»« !»'»> 
C| It follows that the ° rt ] J°^ a a p s'lra fghiVine exeepl 

V*{:l , Sll , UM n .: perpendicular fo .he ..... •' 

""SIS"-, straight line in a ...» he considered a. 
being the projection of a straight line. 

i, thi. h»t«n‘«l> ■ 

otherwise stated. 


Fig. 34 


Ci - fli 


3 — 1444 



Let a plane a perpendicular to /7, (Fig. :34) be pasaed through 
the straight line A X B X which lies in plane 77,. Then AB will be the 
projection on plane 77, of a line, not perpendicular to 77,, for 
example AB, drawn in plane a. 

2. A single projection of a line does not de¬ 
termine the position of that line in space, since it is 



possible to draw in the plane a (Fig. 34) any number of lines both 
parallel to /7i or inclined to that plane, while all their projections 
on plane FI\ coincide with one line. i. e., A\B\. 

3. Two projections of a line fully determine its 
position in space. 

Knowing the position of two projections of a line — the hori¬ 
zontal A i B i and the frontal A 2 B 2 (Fig. 35, a) it is possible to pass 
through A\B\ a plane a perpendicular to plane 77j and through A 2 B 2 
a plane p perpendicular to plane fl 2 . The line of intersection AB of 
tiie planes a and p determines the one and only position in space 
of the line, the projections of which were given. 

Since two points fully determine the position of a line in space, 
the construction of the multiview drawing of a line is therefore 
reduced to the construction of the projection of two of its points. 
It is common practice to assume the extreme points as these points, 
if the line represented is of a given length. 

To construct the multiview drawing of the line AB (Fig. 35, a) 
the coordinates .v, y and e of points A and B are determined and 
transferred to Fig. 35, b. The pairs of projections obtained, i. e., A\ 
and and A 2 and B 2 are then joined up. Lines A\B\ and A 2 B 2 are, 
respectively, the horizontal and frontal projections of line AB. 

Example. It is required to construct the multiview and the 
three-dimensional drawings of line AB by means of the coordinates 
of its points A (20; 15; 7) and B (6; 22; 23) (Fig. 36). 
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First let us construct the multiview drawing (Fig. 36, a): 

1. Draw a horizontal line which is taken as the ground line Ox. 

2. From point 0 lay off coordinates x = 20 mm and x = 6 mm, 
given by the coordinates of points A and B. 

3. Through the points A l2 and B l2 so obtained draw perpen¬ 
diculars to line Ox. _ , . n 

4. On these perpendiculars from points A x2 and B 12 , below ux, 


z z 



FiR. 36 


lay off distances y, given by the coordinates of points A and B. 
These are respectively 15 and 22 mm, and above Ox lay off z -i mm 
and z = 23 mm. Note, the coordinates y and z are positive. The pairs 
of points A\ and B x and A 2 and B 2 so obtained, are respectively the 
horizontal and frontal projections of points A and B. 

5. By joining the corresponding projections of the points A and 
B the horizontal projection A X B , and the frontal projection A 2 B 2 ol 


line AB are obtained. . 

In order to construct a space drawing of line AB (Fig. 36, b ), in 
plane /7, straight line A X B X is constructed using the coordinates x 
and y of points A and B. In plane tl 2 line A 2 B 2 's constructed using 
the coordinates x and z of points A and B. To obtain th e represen¬ 
tation of the point A and B in space, projectors, respectively par¬ 
allel to Oz and Oy, are drawn through points A x and/4 2 and through 
points B x and B 2 . The intersection of the projectors passing through 
A x and i4 2 gives the position of point A in space. The intersecti 

of the projectors passed through B x and B 2 gives the . 

point B. Joining points A and B we obtain the three-dimensional 

representation of line AB. 
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§ 7 The Projections and Positions of Straight Lines 
Relative to the Planes of Projection 


1 . An oblique line is inclined to all three planes of projection. 
In Fig. 37, a the representation in space of an oblique line is given 
and in Fig. 37, b , its multiview drawing. 



Fig. 37 


On the multiview drawing it is seen that all three projections 
of the line are inclined to the ground lines, i. e., to the x, y and z 

axes. 

Each of the projections A\B\, A 2 B 2 and A$Bz of the straight line 
AB on the multiview drawing is shorter than AB itself. This can 

easily be proved. In Fig. 38 the line 
AB, its projection A\B X on plane /7j 
and the projectors AA\ and BB\ are 
shown. 

Through point A\ draw a line A\C 
parallel to AB. Angle A\B X C\ of the 
triangle obtained is a right angle 
(BiBXplane /7,). If angle B X A X C is 
a°, then A\B\ = A X C cos a°, but A\C— 
= AB. Therefore A\B X = AB cos a°, and 
it follows that all projections of AB 
such as A\B X are shorter than the line 
AB itself- If a° = 0, then A X B X =AB. 
If a° = 90°, then .4ifi t =0 and line AB is projected onto plane 77j as 
a point. 

The angles a, p and y formed by the projections of line AB 
with the ground lines x, y and 2 , are not equal to the angle of in¬ 
clination of the line itself to the planes of projection 77i, 77 2 and /7 3 . 
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Fnr PxamDle since the horizontal projecting plane ABB,A, (in 

WhiC U;\*to^l?e^l^ne n 02 / 'rte 0 an < gle'at*which n the Hne^B meets plaV 
??Tfs n'ot‘ eq^aT to the angfe a between the ground line O, and 

projection A 2 B 2 (Fig. 37, b). 



Horizontal (Fig. 39 a). Since all “jec’tio" 

same distance from the plane /7, the f " a P J 1|ne 0 * 
a horizontal is par.al 1 el to x n g a r a 11 e 1 t o 

the letters T.V. . ail?ht line and a plane is the angle 

, js ;;& £~»»“* «■•*" 

jection C\D\ of the horizonta CD m the mu, ^ ^ frontal p | a ne of 
to the angle of mchnat’onof th h betwegn the line Oy u and the 
projection /7 2 and the an g 1 e V c£) jn ,| le mu it 1V iew 

horizontal projection C'D, of the h horizonta i t o the profile 

lajSSaii'W' 11 

». A 1,„. ,.,.11.1 »tt. i™® 1 "fS ,“SI 

a frontal line or simply a frontal ) horizontal 

frontal lie at the sajne distance from plane 2 ’ aralle , t o the 

fffi s',:° !.v« HS 1 °■./»,i, ?:v, 1 :: 1 . t: 
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Angle a between the ground line Ox and the frontal projection 
E 2 F 2 of the frontal (Fig. 40, b) gives the true inclination of the 
frontal to the horizontal plane of projection 77,. The angle y be¬ 
tween the line Oz and frontal projection E 2 F 2 of the frontal gives the 
true inclination of the frontal to the profile plane of projection 77 3 
and <£ a° + y° = 90°. 



4. A line parallel to the profile plane of projection /7 3 is called 
a profile line (Fig. 41). 

Since all points of a profile line lie at the same distance from 


the plane /7 3 the horizontal 
frontal projection P 2 R 2 o f 
pendicular to the ground 



projection P X R\ and the 
the profile line are per* 
line Ox, and the length 


z 



Fig. 41 


of the profile projection P 3 R 3 is the. true length of 
the line PR (Fig. 41, 6). S 

The angles a and p (Fig. 41, b) give the true values of the 
angles of inclinations of the line PR to planes 77 1 and n 2 , respec¬ 
tively. The sum of the angles a and p is 90°. 
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ix 


The profile line, shown in Fig 41, is called an ascending line and 

‘^hS i p So 4 f 2 k1a«nfc-inst a wall i,lustra,e the 
former The "sides of a picture frame hanging at an angle on the 
wall illustrate the latter. 

5. Lines parallel to two of 
the three planes of projection. 

Any line parallel to two planes o projec¬ 
tion is obviously perpendicular to the third 
plane of projection and therefore is project¬ 
ed onto it as a point. In Fig. 43 line .? J 4 ?' 

CD and EF are shown. AB 1S P arallel to 
the planes of projection Jl 2 and Jh, ? here , 
fore the length of this line when projected 
onto planes n 2 and /7 3 is the true length of 
AB, and its projection on plane /V, is a 
point. Line CD is parallel to the planes //. 
and /7 3 , so its projections on those planes 
give the true length of the line. Its projec¬ 
tion on plane H 2 is a point. EF is parallel to 
planes /7, and n 2 . and its projection on 
those planes gives the true length of EF itself. 

P T tines' lyin' g in the planes of projection. In 
Fig 44 s shown a ifne AB. lying" in the plane 17, Its horizontal 
p o ection A,B, coincides with the line itself M.B,—4B). 



Fig. 42 

On plane /7* 3 its 



Fig. 43 


The frontal projection A 2 B 2 lies on the Ox S^und "nd 
and the profile projection A,B 3 lies on j & 

“"in Fig 45 the line CD lies in the plane /7, Its frontal projection 
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CoD 2 coincides with the line itself (C 2 D 2 ^CD), the horizontal 
projection C,D, is situated on the ground line Ox and the profile 
projection C 3 D 3 lies on the ground line Oz. 

If a line lies in the /7 3 plane, its profile projection coincides with 
the line itself, the horizontal projection lies on the line Oy and the 
frontal projection, on the line Oz. 



7. Straight lines of limited length situated in the first quadrant 
or in the first octant have already been examined above. If a line 
lies in any other quadrant or octant, the construction of two or three 
of its projections consists in obtaining the orthographic projections 
on the planes of projection of the points limiting the line and join¬ 
ing up the corresponding pairs of projection. The following three- 
dimensional and multiview drawings serve as examples: 

1. Line EF is a horizontal located in the second quadrant 
(Fig. 46). 

2. Line KL is a frontal located in the third quadrant (Fig. 47). 

3. Line MN is an oblique line located in the fourth quadrant 

(Fig. 48). 

Problems and Exercises 


}■ ,' Vhen is th e projection of a straight line itself a straight line, 

and when does it become a point? 

2. ITow many projections of a line are required to determine its 

position in space? Why is one projection insufficient for this 

purpose? 


o 

O 


How are the projections of a horizontal located? 

4. How are the projections of a frontal located? 
o. What is the position of a line in space if its two principal pro¬ 
jections, i. e. on /7, and /7 2t are perpendicular to the ground line Ox? 

6. Describe the projections on planes /7,, /7 2 and /7 3 of a horizon- 
id 1 which is perpendicular to plane 77 2 . 

n 2 7 / 7 DeSCribe the P ro J ections of a line which lies in the planes 77,, 


8. In which space quadrants are the lines AB, CD and EF situated 
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if their coordinates are A (13; —5; 10), B (5; —9; 10) C ( 5• —10 
20) D (18; —16; 4), £ (14; 4; -6), F (18; 8; -9)? *' ( ’ ’ 

Hint. In this case two planes of projections /7, and 77 2 should 
be visualized Having determined the quadrant in which the limiting 
points of the line lie, imagine them joined by a straight line 

9. Construct the multiview drawing, consisting of three projec¬ 
tions, and the space drawing of line AB by means of two given 



A 

Fig. 49 


z 



nn°e C (Fiff nS 19) nd determine the coordi nates of the ends of the given 

10. Construct the multiview drawing, consisting of three 

coordinates of th!f ^ 4 usi ? g . the space drawing. Determine the 
coordinates of the end points of the line (Fig. 50). 

two Droierfinnc* draw * n £f and the multiview drawing, 

points V(20;30; 40) and B ,5; I'V’ 6 C °° rdinafeS ° f its limiting 


§ 8 f* . Th r Tr “ e Len ^ th of a Line and Its Angle 
of Inclination to the Planes of Projection* 

of a right trhnlrh* JRrniav be considered as the hypotenuse 

the projector A 4, and line S^wh-’h ang,e ACB is formed b y 
zontal projection /\ R . »s drawn parallel to the hori- 

triangle A5C i s equfl' (o t 1"° * ,° ne ° f the sides ^ of the 

of parallel lines limited bv other P r ?.j ectl0n A ' B i> since P art s 

The length of the second sidl Mr? ' el hl } es are e 9 ual in length. 

d6t On‘"thf 'T ' he finales o^UfflVndfl* differe " Ce 
in the muUh.i > ew 1S dr t awing 0n (Fig Ct 5i n b) • ' ength ° f AB 

point A, the length X/equaMoTh ^ f ° ' " ° ff 00 tt fr ° m 
---- ‘ 10 the deference coordinates 2 and 

its projections is given il? Chap ter VL Icngth ° f a line b y means of conversion of 
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z' using the given coordinates of points A and_B. The point A 
obtained is joined to point B\. The hypotenuse AB\ ol the right 

l,1, s*sr ess m* i 

a right triangle if the frontal projection of the line serves as the 
first side. In this case the length of the second side will be equal to 



the difference y - y' determined by means of the given coordinates 
of A and B. This construction is shown in Fig. 5b. 

Thus the true length of a line in the multi view 
drawing is constructed as the hypotenuse of a 
rip’ht triangle one side of which is equal 1 
length to one ’of the projections of the line and 
the Second side of which is equal to the difference 
between the distances of the extreme points 
the line from the plane of projection. 


2. The true angle of 
inclination of a line to 
the plane of projection 
may also be determined by con¬ 
structing a right triangle. In Fig. 
51, a angle ABC is the angle be¬ 
tween line AB and plane U j. Its true 
valuejs given in Fig. 51. b by angle 
AiB^A, i. e., by the acute angle a, 
formed by the horizontal projection 
A\B U and the hypotenuse of the 

right triangle A\B\A t with the help 
of which the true length of line AB 
was found. 


A 



Fid 52 


43 






























The true values of angles 0 and y, i. e., the angles of inclination 
of line AB to the planes of projection I7 2 and 77 3 respectively, can 
be determined by constructing right triangles. To find 0°, the angle 
of inclination of AB to Ff 2 , the first side should be the frontal projec¬ 
tion. To find y, the angle of inclination of AB to /7 3 , the side should 
be the profile projection. 

Ex ample. It is required to determine y°, the angle of 
inclination of line AB to the profile plane of projection /7 3 (Fig 52) 
Construct the right triangle A 3 B 3 A, the first side of which wili 
be the profile projection of line AB. The second side will be given 
by the difference between the distances of the extreme points of A 2 
and B 2 . I_he angle y formed between projection A 3 B 3 and hypo¬ 
tenuse B 3 A is the required angle. 


§ 9. Relative Position of Points and Lines 
If a point in space lies on a line, the projections of that point 

a so he on the corresponding projections of the line. To demonstrate 

this let there be given the line AB. its projections A X B X and A 2 B, 

nnintV P °i m ° ° n - ' 4 ^U F,g - 53 >- To obtain the projections of 

point C draw projectors CC, and CC 2 . The projectors lie respectively 

n planes o arid 0, which project line AB onto planes 77, and U 2 . ft 

lollows that the projectors pierce the planes of projection Tl x and 

lines 1 C 'r nd ? 2 ’, and these P oints lie on th e corresponding 

e r n nn/h" P T S u l an , d P With the P ,anes of projection 
ArLI-'u \ l/u W P rds L they ^ on the projections A l B l and 
A 2 ^ 0 , which is what had to be proved 

If one prcjeclion of the point lies on the corresponding projec- 

of a lme ' , wh,le another projection of the point does not lie on 
the corresponding projection of the line, then the point does not 
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lie on the given line in space^Such a case is also sh ™ n frontal 
r^B.fince' Ifho^n^l projection /(.oi point K does not 

Ue Ex^mpTe'Tus SS”A^ ** * 

C at an altitude of 15 mm from plane n, * 

(F At 5 a 4> distance of 15 mm from the ground l \f, 

line Ox draw a line parallel to it to inter- [ 

sect the frontal projection A 2 B 2 of line 

AB 

The point of intersection C 2 is the_J_/> 

frontal projection of the required point C. “7 

The horizontal projection C, of point C is 

given by the intersection of a projector 

drawn through C 2 , perpendicular to the A t 

ground line Ox , with the horizontal projec- 

tion A\B\ of line AB. FlS 54 

§ 10. The Division of a Line in a Given Ratio 

If a line in space is divi d* d b|M a > pol:^ >" a j J l 
divided*"by Ihe cVrVeVoon^in^g projections of th a t 

POl In t the n trUngle S C 2 S '(Fig.M. b), with the help of which the 

TK "flffo S r tSs^TSangle 

C 2 K 2 K. This triangle is similar to triangle C 2 D 2 D , and it fo <>** 



Fig. 56 


Fig. 55 
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that D 2 K 2 : K 2 C 2 = DK: KC 2 \ in other words, the projection K 2 of 
the point K divides the projection C 2 D 2 of the line CD in the same 
ratio as point K divides line CD. 

Example. It is required to divide line AB in the ratio 2:3 
(Fig. 56). 

Divide one of the projections, for example A X B U into five equal 
parts. From point A\ step off two parts, thus obtaining point K\ 
and through /C, perpendicular to the ground line Ox, draw a 
projector to cut A 2 B 2 in point K 2 . The points K\ and K 2 are projec¬ 
tions of point K dividing the line AB in the ratio 2:3 as was 
required. 


§ 11. Traces of Lines 

The point in which a line pierces a plane of projections is called 
a trace of that line. 

In a system containing three planes of projection /7,. 77 2 and 
// 3 an oblique line has three traces — the horizontal, frontal and 
profile. A line parallel to one of the planes of projection has two 
traces, and a line parallel to two planes of projection has one trace. 

In Fig. 0 / an oblique line AB is shown. It pierces plane /7, in 
point . / and plane /7 2 in point A'. Point M is therefore the 
horizontal trace of the line AB and point N, its frontal trace 

In he multiview drawing (Fig. 57. h) the horizontal trace of 
HU ‘ . } a , n *j>e _found by determining the projection of the point 
contained both in the given line and in plane /7,. In the frontal 

Mr.i pla f ne ? 2 i the P r °i ectio , n of such a point is the point M 2 , 

m u hiv h the frontal projection A 2 B 2 of the line AB intersects the 
ground line Ox on which lie the frontal projections of all points 

Vl r" P a Vi 0 /7, ‘ inC ! ldinR P° int Al The horizontal projection 
U,M he on the projector drawn from point M 2 perpendicular 

10 ,lu ‘ " romnl 1,n " 0x - it niust. at the same time, lie on the projec- 



Fig 57 
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tion A X B X . Point M, is therefore obviously the point of intersection 

of those two lines. , , , . . . . ,, f 

It follows that the projections of the horizontal trace M ol line 

AB may be found as follows: n 

1. Extend the frontal projection A 2 B 2 to the ground line Ox 

The point M 2 obtained is the frontal projection of the required 
trace M. 



Fig. 58 
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2. Through point M 2 draw a perpendicular to the ground 

line 3 °produce the horizontal projection A\B X of the line to intersect 
the perpendicular in point Af,.This point is the homontal projection 
of the required trace M and it coincides with the trace M itself 

^The frontal trace N of line AB is found in a similar manner. 
First its horizontal projection N\ is found^ This is the pom o 
intersection of the horizontal projection A\B\ of line AB with the 
around line Ox since line Ox contains the horizontal projections 
S°Sr| d po?nts of Plan% /7„ Then, through A-, draw a line perper, 
dicular to Ox to intersect the frontal projection A 2 B 2 of line AB 

10 The construction of the profile traces of straight lines is carried 
out by similar constructions. The multiview drawmg (pg- j > 
shows three projections of each of the traces, M A and ^ of ^ 
line CD. To construct the profile trace L the point U is found. Th s 
is the point where the frontal projection C 2 0 2 cuts line ■ ■ 

point L 2 is the frontal projection of the profile trace of line LU. 

A perpendicular to the line Oz drawn through point Li cuts 
the profile projection C 3 0 3 of the line in point £3 which is t e 1__ 
trace of line CD and coincides with the profile trace itself (3 )• 





The horizontal projection L\ of the profile trace is the point of inter¬ 
section of the horizontal projection C^D X of the line with the ground 
line Oy\. 

Attention should be paid to the fact that two of the three 
projections of each trace are situated on the respective ground 
lines (Ox, Oy, Oz), while the third coincides with the trace itself. 


The traces Af, N and L 
divide the line into parts 
situated in different octants. 
If the line CD, the projections 
of which are shown in Fig. 58, 
is considered as moving 
from left to right, it passes 
consecutively through the 
fourth, first, fifth and sixth 
octants. 




In Fig. 59 the space drawing of line CD is shown with its traces 
M, N and L. 

Example I. Determine through which quadrants line AB 

passes (Fig. 60). 

Find the traces of line AB. The intersection of the frontal pro¬ 
jection A 2 B 2 with the ground line Ox gives the frontal projection 
A!? o! the horizontal trace Af. By drawing a perpendicular from 
point M 2 to the ground line Ox to intersect A } B U point Afi, the 
horizontal projection of the trace, is obtained. It coincides with the 
trace AI itself. Point .V,, where the horizontal projection A X B X cuts 
lac ground line Ox, is the horizontal projection of the frontal trace. 
A perpendicular to the ground line Ox from point Af, intersects A 2 B 2 
in point /V 2 , which is frontal projection of the frontal trace of line 
A ° and coincides with the frontal trace N itself. 

Point A lies in the first quadrant, since the projection A, lies 
under the ground line Ox and the projection A 2 lies above that line. 

oint D hes in the third quadrant. The intermediate point C of 
hne AB is located in the fourth quadrant, since its projections C, 
and C 2 lie below the ground line Ox. The part AM of line AB is 
located in the first quadrant, part AIJV lies in the fourth and part 
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NB _ in the third quadrant. So line AB passes through the first. 

f ° U fxr m d p h le d 2 SP D"e™t an the true length of the parts of hne 

rtie'length^o'riiV'andTts^parts^w^lVbe determined by 
rig,triangle Method. Let U,e 

p h oin[X 1 Y o«°o m n it a distance equal to the difference between the 

distances of points At and B 2 from Ox, .. e„ a - '"f+* ' 

Point ^thus obtained is joined to point B,. The length of AB, .* the 

trUe Tod g elermine e the B iengths of the parts of line AB lying in the 

ss bwt =3rS«sss 

points Mi and jV, divide the projection A,B , oi line A a. • iea » 

the distance between points A. N. M ^5 ^Thf length of 

AN lying in the first quadrant is found to be 2o mm. l th 

part NM in the second quadrant is 20 mm and l nally. 

of part MB located in the third space quadrant is 13 mm. 

Problems and Exercises 

1 How is the true length of a line determined by means of 

„ in the multiview drawing b, ... P~- 
‘“Th™' to SKm profile traces nt . «»• 

constructed?^ ^ ^ by lhe coordinates of its extremities ,1 (15; 

ic. to) a nd B (5* 8 ; 4): a) find the true length of AB and the ang ls 
of inclination if line AB ’to planes /7, 77, endIff* ueang.es a. P 
and v b) indicate through which octants line AB passes. 

Hint To answer this question (b) construct the traces M. 

N and Lo\ the assigned line AB , jne the traces of wh ich 

on planes 0 ^, and 1 "/?, lie at'the same distances from the ground 

line H °" t The required line in the profile plane of projection n 3 
Will pass through^point >4 3 making an angle of 45 with the axes 

and Of/ 3 . 

§ 12. Projections of Parallel, Intersecting 
and Non-intersecting Lines 

Two lines may occupy the following relative positions . in s P ace: 
1 ) they may be parallel, 2) they may intersect, or 3) not intersect. 


4 — 1444 
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1. The corresponding projections of parallel lines are parallel to 
each other. 

If through the given parallel lines AB and CD projecting planes 
are passed, they are parallel and their intersections with the plane 
of projection FI\ give two parallel lines A\B\ and C\D\. These are 
the orthographic projections of the given lines AB and CD on plane 



Fig. 62 Fig. 63 


//, (Fig. 62). In the multiview drawing (Fig. 63) it can be seen 
that corresponding projections of parallel lines AB and CD are 
themsehes parallel, i. e., 4|fiillC|D|. A 2 B 2 WC 2 D 2 and /t 3 £ 3 l|C 3 D 3 . 

2. intersecting lines, for example AB and CD (Fig. 64), have a 
common point K. Therefore the horizontal projection A"i and frontal 


2 



Fig 64 
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projection JC, ol thi, point moot. »• .1: ta intc-rnoclion oi the 

ooint K in space, in the multiview drawing (Fig. 64 ft) are situated 

<« * »»«■ 



0 



Fig. 66 

nation of other projections, for example, their frontal and profile 
projections. 

3. If two lines are not parallel and do not intersect, they are 

called non-intersecting or s . ke f‘. 6S * tKe poin ts of intersection 
In the multiview drawing P^ n . intersecting lines 

( Jb and CD cf/J.wd Lb 2 with C 2 D 2 ) do not lie on one 

perpendicular to the ground line x. allel to CD is passed and 

Through point A in space a P a void overburdening the 
through point C \ ™ Cef e not shown The planes formed by 

drawing, Fig. 65, «ie se lines are para u e i to each other. 

Thesr P lanes a^caUed of paraUelism of non-intersect- 

ing lV n the planes o, papism ofJJM 
onThat^plane of projection^he non-intersecting lines are projected 
as parallel lines (Fig. 66). nnn .intersecting lines are parallel 

to one of th e pi a ne s'o f^ p r o j e c t i o n (/7 n ^2 fn i n g C *t w o C pUnefof 

S', n .fioli”“ T..STZL ‘“piySic^VWp^ « 

(Fig. 67). distance of l^mtn 'twjift P* draw a 



Draw a line at a distance of 14 mm below the ground line Ox 
and parallel to it. This line intersects the horizontal projections 
AiB } and C|D, of the given lines in points K\ and L,. The line 
K\L\ is the horizontal projection of the frontal. The frontal projec¬ 
tions of points K and L are found in the usual manner. These are 
found at the intersection of projections A 2 B 2 and C 2 D 2 with verticals 
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passing through points K\ and L\. Points K 2 and L 2 are then joined 
up. Line K 2 L 2 is the frontal projection of the frontal KL. 

Example 2. Construct a parallelogram, one diagonal of 
which is line AC (Fig. 69). 



Fig. 68 


Fig. 69 


Since in a parallelogram opposite sides are equal and parallel, 
we may take line AB of any length and direction as the side of the 
parallelogram. Then through point C pass line CD equal and 
parallel to line AB. Joining up corresponding projections of the 
pairs of points A and D and B and C, we obtain two projections of 
the parallelogram ABCD, which meet the stipulated condition. 
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§ 13. Projections of Plane Angles 

1 A Diane or linear angle formed by two straight lines, whether 

“ fuMS Stth-on.SdS'Sl £,SS'5'S. 

directed sides are equal. 

In Fig. 70 the sides of the angle 

ABC are parallel to the plane of 
projection /7,. Orthographic projec¬ 
tions of lines which are parallel to the 
plane of projection /7, are parallel to 
the lines themselves, since they are 
the opposite sides of rectangles 
formed by these lines, their projections 
and the projectors, i. e., 

B £ P»..H-r. . 

Nevertheless it should be noted that to obtain the projection of 
an angle equal to the angle being projected the parallel disposition 

of the*sides of the latter relative to the plane of P r0 ^ c 10n ^ 
condition which although sufficient, is not essential It has been 
proved by Prof. N. Chetveroukhin in his theorem* that it is possible 



Fig. 70 



Fig 71 


sasgisiSeisls 

the "given angle to the plane of projection will necessarily be different. 


• a 


Any angle a, (0<el<Jf'^ < b “? ) ^ i<icr0d 35 bCi " B " le orlhoBr3phiC 


projection of any other angle 
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2. If one of the sides of a right angle is parallel 
to the plane of projection, the right angle is 
projected onto the plane in its true size. 

A right angle ABC in space is shown in Fig. 71, a. Its side 
BC is parallel to the horizontal plane of projection /7, and its side 
AB is neither parallel nor perpendicular to that plane. In this case 

angle ABC is projected onto plane n x in 

its true size. 

This may be demonstrated as follows: 
the side BC is perpendicular to AB and 
to BB U since BB x ±fl x , and £C||/7,. There¬ 
fore BC is also perpendicular to the plane 
ABB]A\ which in Fig. 71, a is shaded. The 
o projection B X C\ is parallel to BC itself. 
Therefore the projection B\C X is also 
perpendicular to the plane ABB X A\, and so, 
perpendicular to the line A\B\ contained in 
that plane. In other words, angle A X B X C X 
is a right angle. 

From Fig. 71, b it may be seen that 
the right angle ABC is projected onto the 
horizontal plane 77 1 without distortion, i. e.. 
angle A X B X C X =90°, precisely because the 
side BC of the original angle is parallel to plane F1 X . 

On the frontal plane of projection /7 2 angle ABC is projected as 
angle A 2 B 2 C 2 which is not equal to 90°. This is because neither of 
the sides of angle ABC is parallel to plane /7 2 . Angle A 2 B 2 C 2 may 
vary from 0 to 180°, depending on the position of its sides. 

Example. From a point A draw a line perpendicular to the 
frontal BC (Fig. 72). 

Since in this case the right angle will be projected onto plane 
/7 2 in its true size, we draw from point A 2 a perpendicular to B 2 C 2 
and mark the point D 2 , where it intersects with B 2 C 2 . Having 


15 , 

- 0 

4 


fl. 'B, 

Fig. 73 Fig. 74 Fig. 75 
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found with the help of a projector point Du points A i and D, are 
then joined up. Then lines A\D X and A 2 D 2 are the projections o 

line AD which is perpendicular to BC. 


Problems and Exercises 

1 Prove that corresponding projections of parallel lines are 

parallel to each other. 

2. How are two intersecting lines shown 

in the multiview drawing? 

3. How are two non-intersecting lines 

shown in the multiview drawing? , 

4 When is a plane right angle projected 

in true size: a) onto one plane of projection, 
b) onto two planes of projection? ** 

5. Draw a horizontal to cut the non- 
intersecting lines AB and CD and determine 
the distance between the intersection points 
obtained (Fig. 73). 

6. Construct a triangle with sides oi dif¬ 
ferent lengths and its base AB\\ri\ (Fig- 74). 

7 Determine the distance of profile line 

the non-in.ersecting tines 

^ B 9 an Constr ( u F ct g 'a 6 rect a ngle ABCD the side AB of which is a 
frontal line. 
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Chapter IV 

PLANES 


§ 14. Given Planes 

1. In the multi view drawing a plane may be given by showing 
those geometrical elements by which the position of the plane in 
space is completely determined. 

These elements are as follows: 



Fig- 77 


1. Three points not situated on a straight line (Fig. 77, a). 

.) A straight line and a point not contained in the straight line 

(Fig. 77, b). 

T Two intersecting lines (Fig. 77. c). 

•1. Two parallel lines (Fig. 77, d). 

5. A triangle or any other plane figure (Fig. 77, e). 

It is simple to change from one method of determining a plane 
to any other. It is sufficient, for instance, to join three given points 
by straight lines (Fig. 77. a) in order to obtain the representation 
o! the planes of triangles (Fig. 77, e). Then again, for example, 
two points (of the three given) can be joined by a straight line and 
through the third point a line, parallel to the first, can be drawn. 
In this case instead of having a plane determined by three points, 
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we have it determined by two parallel straight lines (Fig. 77, d). 
Other similar changes may be made. 


2. The elements determining a plane (Fig. 77) are sutficient to 
allow straight lines and points contained in the plane to be 

constructed. 



Fig. 78 
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Fig. 79 


For instance, if a plane is given in the multiview drawing by 
triangle ABC (Fig. 78), it is possible to construct the projections 
of any line, such as KL, lying in the given plane. A straight line 
is contained in a plane if two points of the line lie in that plane. 
Take two points K and L on the sides AB and BC of the triangle. 
In accordance with § 9 each projection of these points on 
corresponding projections of the sides AB and BC must lie 
on a line perpendicular to the ground line Ox, that is on a vertical 
projector. Then through the corresponding projections of points A 
and L the lines £,£, and K 2 L 2 are drawn. Line KL then lies in the 

plane of triangle ABC. 


3. The construction of points contained in a 
given plane may be reduced in general to drawing an 
auxiliary line passing through a point and lying in a plane Tor 
instance, if a plane is determined by the parallel lines AB and C U 
(Fig. 79), in order to construct a point K lying in the given plane 
and 12 mm from plane fl\, first, at a distance of 12 mm from the 
ground line Ox, the frontal projection E 2 F 2 of an auxiliary horizontal 
EF is drawn. Next, with the help of projecting lines passing through 
points £2 and £ 2 , the points £, and F, are found, as shown by 
arrows. Thus the projection £|£, is also found. Then on the projec¬ 
tions £i£i and E 2 F 2 of line EF, the projections K\ and K 2 of point 
K are marked, taking into account that line K\K 2 must be perpen¬ 
dicular to the ground line Ox. 
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4. Traces, of planes. When solving problems of descriptive 
geometry it is often convenient to determine a plane in the multiview 
drawing by giving its traces. 

The trace of a plane is the straight line of intersec¬ 
tion of that plane with the plane of projection. 

A plane u and its traces — the horizontal trace k, the frontal 
trace / and the profile trace rn — are shown in Fig. 80, a. 


•9 
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The traces oi planes coincide with the corresponding projections 
of those traces, i. e., trace k~k\ which is its projection on 17\, trace 
/==/ 2 which is its projection on /7 2 , and trace msmj which is its 
projection on A7j. 

The other two projections of each trace coincide with the 
corresponding ground lines and, as a rule, they are not shown in 
the multiview drawing of a plane. 

If a plane is inclined to all three planes of projection (/7 lf /7 2 , 
/7 3 ). as illustrated in Fig. 80. a, then each pair of its traces intersect 
in a point. These are called the points of convergence of the traces. 

The points of convergence A' a , Y x , Z x of the traces are contained 
in the corresponding ground lines. This can be demonstrated as 
follows: trace k, being the line of intersection of planes a and /7i. is 
common to both of those planes. The trace /. being the line of 
intersection of planes a and fl 2 , is common to planes a and F7 2 . 
I he point oi intersection X x oi traces k and / of plane a, in 

other words, the point of convergence of the traces, must 
therefore belong to the three planes 17 /7 2 and a. Moreover it 
follows that this point must lie on the ground line Ox common to 
planes fl\ and 1 7 2 . Similarly it can be proved that the points of 
convergence Y x and Z x oi the traces lie on the ground lines Oij and 
Oz. respectively. 
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§ 15. Oblique Planes 

1. An oblique Plane i s i n c U n e dt o a U ^ " * ! s 8 ° 0 ' 

" "b’.'.E Uw.S'ind JUw »>• 



)3 


*p[vifKSJ SSs k 

*”j£°orindfn.r.i»;‘V“.r"W-l .0 Ih. pl«»« •' 

^ if should also be noted that the 
traces of oblique planes contain 
the projections of only those of its 
points which actually, je on he 
traces such as the point A whicn 
lies on the frontal trace l of plane u 
in Fig 81. No other points belong¬ 
ing fo oblique planes can have 
their projections lying^nany ofthe 
traces of the given planes. Projec 
lions of such points in oblique 
planes can be found by means of 
auxiliary lines contained in the 
planes, as shown in big. /*• 

2. The upper part of the oblique 

plane a, depicted in F »g- 8 {,- a * 
slopes away from the reader. Each 
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of the three plane angles formed by the intersection of the traces of 
this plane in the first octant, is an acute angle. Even so, on the 
multiview drawing the angles between the traces are not necessarily 
acute angles. In Fig. 81, b, for example, the angle a formed by the 
traces l and k of plane a is actually an obtuse angle. 



Fig. S3 


3* The oblique plane in Fig. 82 is determined by the triangle 
ABC. I he lop part of this plane also slopes away from the reader. 
So, when the two projections on planes f7\ and II 2 are constructed 
the observer will see one and the same side of the plane. The 
projections of this side of the plane are indicated by dots in Fig. 82. 

4. The top of plane f* shown in Fig. 83, a slopes toward the 
observer. The angle be ween its horizontal and frontal traces, 
within the limits of the first octant, is an obtuse angle. The traces 
k and m of plane p. within the limits of the first octant, also form 
an obtuse angle. 

The construction in the multiview drawing (Fig. 83. b) of profile 
trace tn of this plane, when the horizontal k and frontal / traces 
arc gi'.en, consists, as before, in finding the points of convergence 
^^ 3 an, l drawing a straight line m 3 through them. 

3. The top of the oblique plane, determined by the triangle ABC 
ill rig. 8 - 1 . is also inclined toward the observer. Therefore the side, 
seen when projecting the plane onto /7 2 — the frontal projection 
oi this side is indicated by hatching — is not seen when projecting 

the plane onto ll x . I he horizontal projection of the latter is 

indicated by dots. 
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neither of them coincides with the ground line Ox. 

The fact that in the mult.view Jb 

drawing (Fig. 85, b) the angles 
formed by the traces k and l with the 

ground line Ox are the same i /W/V'^Kr 

because these angles are also equal 

in space. _ Q 

7. The construction of ' | 

traces of planes. In Fig. bb 

the line AB shown is contained in c , 

plane a and pierces the . P.' al ]! s an 0 ri 
projection 77, and Fh in points M and 

At which are its traces. These traces ej 

lie on the corresponding traces k an 
I of plane a. Indeed, if it be assumed 

that the traces of the g ,ve J ‘‘ n « f lane a , then two pom s, 

Jf a «iSSEfthSU.» n«* «• 

ta theVne; this Is obviously impossible. contained 

in T a h pfaTe^ ‘o^hl c’o'r re^ofd i n g traces of that 

P ' It*follows that the construction of the tract* of ^{^eTin 
determined by a combinatioin o p°' | construc tion of the traces 

d,,wing ,h ' ou ‘ ,h 

these points the corresponding traces of the plane . 




I 
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Fig. 85 
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in Pirr fl 7 thp nlane a is given bv two intersecting lines AB 
atiri ro'To^con^truct'its'traces k and’ / on the multiview drawing 

Sa-j Z !s e pa B ssed Then the 

horizontal and frontal traces ol plane a 

When the point X a of convergence of the tra ces ol a pian 

fraceof heot^tine* For instance it is enough to find the^race 
Mitt W- and the 

^ “oi the plane given by triangle 

In‘this particular case only one side of the triangle, namely BC 

5 »' 

dra Ti n s g olve the problem in the plane of triangle ABC : an_ auxil ^y 
line KL parallel to BC is drawn through any ^^"ndV of 

§ 16. Projecting Planes 

dlc ’ u ,* wsffi ,'f.; /1*. 7 , s ct f. r s ‘s; 

IFI iin,°iis j “rtsj" “ £■ i. 

drawn through point 4 of pi • line 0 f intersection 

projector will pierce plane H, n pom on the m q[ planc 

ThU t race^oincides with tine a, in which plane a projects on 77. 

(fe ‘ AlAhe projectors drawn perpendicular to plane 77, through any 
points of^Pane a pierce plane 77, on that same race A,-«.• a ,, 
Therefore the h or:, t a' !P J °{,«* C a ‘. r o j e c t i n g 

points contained in tne trace (ft,) of that 

plane (a) lie on . th f e th ^° h r oriz ontal trace of plane a will be 

Palled'h I collect^ property and traces possessing this property 
will be called the trace-projections of planes. 
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Since planes a and fl 2 are perpendicular to one and the same 
plane / 7 ,, the line of their intersection (trace /) is perpendicular to 
17] This means that the trace / is also perpendicular to every other 
line on /7, which passes through it, including the ground line Ox. 

It follows that the frontal trace of the horizontal- 
projecting plane is perpendicular to the ground 

line Ox. 



In the same way the profile trace m 3 of this plane 
both in space and in the m u 11 i v i e w drawing 
(Fig.90.fr) is perpendicular to the ground line Oy 3 . 

Since the plane of projection /7, is perpendicular to the frontal 
trace I. i. c., to the edge of the dihedral between planes a and f7 2 , 
the angle p formed by the horizontal trace-projection k]^a\ and 
the ground line Ox, is the true angle of inclination of plane a to 
the frontal plane of projection fl 2 (Fig. 90, fr). 

Since plane 1 7, is also perpendicular to trace m, the angle y 
between the trace-projection fri^ai and ground line Oy \ gives the 
true angle of inclination of plane a to the profile plane of projec¬ 
tion /7j (Fig. 90, fr). 

E x a m p 1 e. It is required to pass a horizontal-projecting plane 
through line AB (Fig. 91). 

Since the horizontal trace-projection uj of this plane possesses 
collecting properties, it should be drawn as a continuation of 

projection A x B lm The frontal trace l is perpen¬ 
dicular to ground line Ox. 

2. The frontal-projecting plane is a plane 
perpendicular to the frontal plane 
of projection. In Fig. 92, a the frontal- 
projecting plane p is shown. 

Its frontal trace-projection (/ 2 ^p 2 ) possesses 
91 collecting properties, i. e., the frontal projection 
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of any point of the plane lies on this trace-projection. An example 

are respectively perpendicular to ground lines Ox and Oz (Hg. 

92 Angles a and y are the true angles of inclinations of plane 
p to planes of projection /7, and /7 3 respectively. 



Fig. 92 


E x a m p 1 e. In Fig. 93 the frontal p/of^nVfb This 

, „ s ; r, ‘p -: i 1 W” r if v *.'m \i: 

iA!ft,!S? i«i«i»«.«" p“"‘" " roi ' c "” n 

Th p , oi ;™i«in«... i™«v &Musesvrste 

plane are respectively perpendicular to ground Ji 

<F fhe 4 angies a and p give the true values 

of the angles of inclination of the profjle-project- . 

ing plane to the planes of projection /7, and lh. 

respectively. jy ^ 

4. The horizontal plane a (Fig. 95) is a special "T 

type of projecting plane. Since this plane, being j 

parallel to plane /7,. is at the aame ‘.me perpen- \ / 

dicular to the planes of projection Fh and lh \|£ 

its traces on /7 2 and /7 3 are perpendicular to 

ground line Oz and possess collecting properties. Fig. 93 
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So, on the trace-projections a 2 and <23 the corresponding projec¬ 
tions Ao and A 3 of point A contained in the plane a are to be 
found. Any plane figure contained in the horizontal plane is 
projected onto the plane of projection /7| in its true size. For 
example, the regular pentagon ABODE (Fig. 96), which lies in 
the horizontal plane, is projected onto plane Fl\ without distortion. 
The frontal projection of this pentagon coincides with the trace- 
projection a 2 of plane a. 


Z Z 
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5. The frontal plane f5||/7 2 (Fig. 97) and the profile plane y|| /7 3 
(Fig. 98) are also special cases of projecting planes. The trace- 
projections pi and p 3 of the frontal plane p are parallel to the 
respective ground lines Ox and Oz, and the trace-projections yi an d 
y> of the profile plane y on the multiview drawing merge into one 


z 
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Fig. 95 


line, which is perpendicular to the ground line Ox. Each of the 
traces indicated possesses collecting properties. 

6 . Let us consider one of the possible 
namelv plane a passing through the ground line Ox (Tig. M)- 
This olane is called an axial plane. It intersects planes 77, and U 2 
Ilong the ground line Ox, therefore the traces * and l of plane a 
coincide with this ground line. The profile 

trace-projection a 3 passes through point 0. . Wi C, * >!*> 

The angles a and p give the true inclina¬ 
tion of the axial plane to planes U\ (a ) ^_ Q 

and In 7 the^special case when the axial plane 

a is represented in a system consisting o 

only two planes of projection and \ / 

/7 2 (Fig. 100), in order to determine the \| J 

position of the plane in space some point, it 

such as A contained in the plane, is gi\en. Fig. 96 

The ground line Ox and point A I make 

it possible to establish the position o . , |- an d 

the axial plane in space and to construct in it points, lines 

"XZs line through points A ,: and *. Findpoint (*-*> 
of intersection of this line with the groun - ven p | ane a 

rnd h p P ass n esfhro T ug e h point X. It follows 

wh^ioins the projections. 
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A. 
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plane are equal. Since the coordinates y and equal .whence 

plane bisects the second and fourt p q when pro j e cted onto 

'"the muftiview drawing as a single 

point. 


S 17. Level Lines and Lines 
of Maximum Inclination in a Plane 

1. The horizontal of a P 1 a n e * ^ plrVue^ to^he 
contained in a given P* a . n n is ca Hed a 

horizontal plane of projection //. is 

•nasSKrta*- rn cyr “ * n " 

the horizontal of the sloping plane o , j spa ce. is projected 

A horizontal of a plane, as any »1 ine parallel to the 

onto the frontal plane of projecti * at the P same altitude, 
ground line Ox. Every point of a horizon a lies, ai 

for this reason they are also known ABQ given. To 

In Fig. 103 two projections of triangle ^ ^ pe of 

construct the projections of a £? T 0 jection of vertex C pass a fron- 
this triangle, through the frontal P J parallel to ground 

tal projection C 2 D 2 o *“1^ P Sint D2 

line Ox. Point D, is foundi by P* P& ** d J D draw the horizontal 
as shown by an arrow. Then through d anu i 
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projection C\D\ of the horizontal h contained in the plane 
triangle ABC. 

If the plane is given by its traces (Fig. 104), the construction 
of a horizontal lying in it may also be begun by drawing the 
horizontal projection of the horizontal since the horizontal 


WAS 

II 


projection of the horizontal of a plane is parallel 

B, to the horizontal trace of that 

plane. Two straight lines, trace k and 
horizontal fi, may be considered as the 
intersection of plane a by two horizontal 
planes, /7i and the plane at the level of 
the projecting horizontal itself. 

When constructing the horizontal h. in 
0 the multiview drawing (Fig. 104, b) it 
should be remembered that the traces 
of lines, lying in the plane, lie on the 
similar traces of the plane. Therefore first 
mark the projections (N j and N 2 ^N) 
of the frontal trace of the horizontal h. 
Then through point N { draw the horizon- 
g tal projection /z, of the horizontal. This 

' line is parallel to the horizontal trace of 

B‘S- 103 plane a. Next, through point A^ 2 =A f of 

. . , . the frontal projection, draw projection 

h 2 of the horizontal parallel to ground line Ox. 



2. The frontal of a plane. A straight line f 
contained in a given plane and parallel to the 

frontal plane of projection 77 2 is called the frontal 

of the plane. 
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Fig. 104 




frontal fiSSt of plane d and the horizontal trace, point M, of the 
tr °r construction ofthe MlT^n the plane 
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the projections of frontal f of the plane 

of triangle ABC. , 

The projections of the frontals ot 

the plane of triangle ABC, passing 
respectively through the vertex 
and the vertex C, can likewise be 

constructed. 

3. A profile line of a plane is a 
line contained in a given 
plane and parallel 
plane of projection // 3 _ 

In the multiview drawing of a 
plane, which is given by its traces, th 
construction of the projeeti ‘ 

profile line in the plane is best begun 
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by drawing its profile projection. This line is parallel to the 
profile trace of the plane. When a plane is given, say, by 
two parallel lines (Fig. 107), the construction should be begun 
by drawing the frontal projection of the profile line parallel to 

ground line Oz , or by drawing its 
horizontal projection parallel to 
ground line Oy\. 

Note. By analogy with the 
horizontals of a plane, the frontal 
and profile lines are also referred 
to as level lines. 



Fiu. 107 


4. In Figs. 108 to 111 the 
projections of horizon¬ 
tals and f r o n t a 1 s contained in 
projecting planes are given. These 
are: the horizontal AB lying in a 
horizontal-projecting plane, the 
frontal CD in a horizontal-project¬ 
ing plane, the horizontal KL in a 
frontal-projecting plane, and the 
frontal EF lying in a frontal-projecting plane. 

Example 1. Construct the horizontal projection of line AB, 
contained in plane a and given by the frontal projection A 2 B 2 
(Fig. 112). 

Through points A 2 and B 2 we draw the frontal projections, A 2 A ; 2 
and B 2 X' : , of the auxiliary horizontals of plane a. Using points .V 2 
and A 2 , determine the position on the ground line Ox of points /V, 
and A" and through them, parallel to the trace k x , draw the horizontal 
projections .lpV, and B\X\ of the auxiliary horizontals. By drawing 
projectors through points A 2 and B 2 points A\ and £, are found. 
They lie at the intersections of the projectors with the horizontal 
projections of the corresponding auxiliary horizontals. The straight 
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Fig. 110 
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line A\B\ drawn through points A x and B { is then the horizontal 

Pr °k e x t a°mpVe n 2. /4 Construct a plane a passing through point .4 
and the point of convergence of traces A a (big. Ho). 

An infinite number of planes may be drawn through the gi\en 
two points. The construction of one of those planes is as follows. 



0 


Fi S . m 
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Draw a horizontal throngh point^Ha-ng foun^h^trace^V 
of this horizontal through point N a " a A “ . . , 

trace /, Draw the horizontal trace ft, of the requ.red plane 

through the point X a parallel to A\ i* . f . . ~ «-hich 

Example 3. Construct the traces ft, and / 2 of plane a 

is given by parallel lines AB and CD ' j d fronta) B C. 

First in the given plane dra w the honzom ^ ^ para]lel to the 

SfeSion of ttXnwtC, draw the frontal trace /, of plane a 



Fie. a* 
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and extend it to intersect the ground line Ox in point X % , Then, 
through point X x parallel to B { D X draw the horizontal trace k Y of 

the plane. „ . , .. . 

Example 4. Construct the profile trace m 3 of plane a which 

is given by traces k y and / 2 , the point of convergence Z a of traces 

being located beyond the limits of the drawing (Fig. 115). 

Draw any horizontal in the plane a and find its profile trace L. 
The point of convergence Y ia is carried over to ground line Oy 3 as 

point T 3ct . Join up the points L 3 ^L and T 3ct . This line m 3 is the 

profile trace of plane a. 


5. Li n e s of maximum in¬ 
clination of a plane. A line 
of maximum inclination of a plane i s 
a line contained in the 
given plane and perpendicu¬ 
lar to i t s t r a c e. 




Fig. 117 


H i n t. The seam of metal sheet roofing perpendicular to the 
cornice may serve to illustrate what is meant by a line of maximum 
inclination of a plane. 

In a given plane different lines of maximum inclination may 
be found, i. e., a) relative to the horizontal plane of projection fl\ y 
b) relative to the frontal plane of projection 77 2 , and c) relative to 
the profile plane of projection /7 3 . 

In Fig. 116 the plane a is shown together with the line of 
maximum inclination Af.V of the plane relative to the plane fJ\. The 
construction of the line MNA.k is begun by drawing the horizontal 
projection AfiA'ilfc, (see § 13). The frontal projection M 2 N 2 is 
drawn through points AI 2 and ;V 2 , which are determined by points 
Mi and AV Point Af 2 , being the frontal projection of point M 
contained in the horizontal trace k\, is located on the ground 
line Oa\ The frontal projection N 2 of point N lies at the point of 
intersection of trace l 2 and the vertical projector drawn through 
point Ah. 
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The line of maximum inclination or slope of plane: a to plane 

n, being perpendicular to the horizontal trace of plane a, is also 

obviously perpendicular to any horizontal in the plane a. Therefore 

?heTne of maximum inclination of plane «. when the plane .s 
• i a Rr* /Fio- 11 7^ is constructed with the help ol 

arTauxiUar^horizontal drawn through the vertex C of the t j'. ian g' e n 
The horizontal projection B,D, of the line of maximum inclination 
is then passed through B< perpendicular to the horizontal projection 
C,£, of the horizonUl CE The frontal projection is drawn through 
pofnt k and point £>,. the latter being determined by a vertical 

projector passing through D\. 

The line of maximum in¬ 
clination MN of plane a 
relative to the frontal plane 
of projection /72 is shown in 
Fig. 118. The frontal projec¬ 
tion M 2 N 2 of this line MN is 
perpendicular to the trace l 2 . 




Th. point, M, and 1 S”“.S 

Ft&ntfZ id tlXra K S'tKSrtaUl projec.ion nl 

the line of maximum inclination 0f . plane f a , °ne * v ^ a tive to plane 

n VF/n* iT”uc£dta"^LWanner 1 The profile 

of the profile line Er. Then, oy using 1 ^ frQnta] projec . 

tion K'£ and theCnzontal projection K,£, of the line of maximum 
inclination of plane y to plane II 3 . 
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77 3 . The true value of these angles may be determined by the right 
triangle method (see § 8). 

For example, determine the true magnitude of the angle of 
inclination of plane a to the frontal plane of projection 77 2 
(Fig. 120). 

In the plane a construct a line MN perpendicular to the frontal 
trace /. This will be the line of maximum inclination of plane a to 




plane Jl 2 . The frontal projection M 2 A'o of this line is drawn 
perpendicular to trace / 2 . Once the frontal projection is found, the 
horizontal projection AI^Vj is easily determined. It should be borne 
in mind that point .V lies on the frontal trace and M on the horizontal 
trace. The projection Mi of the latter therefore lies on k\. 

The angle of inclination of line MN to plane f1 2 is determined 
by constructing the right triangle M 2 N 2 M. One side of this triangle 
is the projection M 2 A' 2 . The second side is equal to the difference 
between the distances of points M and N from plane /7 2 , i. e., to the 
value of tj for point M x . The angle p between the hypotenuse N 2 M 
of the resulting right triangle and projection M 2 N 2 is the angle of 
inclination of the line MN to plane /7 2 . At the same time f}° is the 
true inclination of plane a to that same plane /7 2 . 

7. By means of lines of maximum inclination a plane may be 
constructed so that it forms a given angle to the plane of projec¬ 
tion. 

The method of constructing a plane passing through a point 
A and inclined at -18° to the plane /7| (Fig. 121) is given below. 

hirst the line MN, passing through point A and making an angle 
oi 48° to plane fl u should be constructed. In order to do this draw 
line A/)A'| at any angle to the ground line Ox. This line will serve 
as the side of the right triangle. Lay off from this side two angles — 
an angle of 48° from point Mi and an angle of 90° from point N\. 
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A distance equal to the length of the sideJ* then laid oUWon 
point JV, on the perpen?‘ ( C n U ' nint m! which is obtained by drawing 

'« - ,h " r 

line MN drawn through point A at g drawn so that 

Next, through this line ^^^ ■ndinaUon relative to # 7 , In 
MN serves as its line of maxlI ? u an „ le 90° to the projection 

order to do this draw the trace^1 at £ x f convergence 

Af,W, and the trace h passing tnrougu v 

of the traces and point N 2 . 

Problems and Exercises 
1. How may a plane be determined? 

tSsS?srW» 




0 


5, Describe the positions of the traces of a plane Wing P‘ r 
to the ground line Ox nlanes on the multiview drawing 

mer fHa?e°thrt£es n o g f U iS giVC " by 

Pla i 0 ? What is meant by a “horizontal of aP^J h iven point? 

ii: k.v ir,tr“V.v—™ °> ■ 

plane”? 
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13. How is the angle of inclination of a plane to the horizontal 
plane of projection determined? 

14. Is the point K contained in the plane of the triangle ABC 
(Fig. 122)? 

H i n t. Through projections A j and A'i draw the projection of an 
auxiliary straight line contained in the plane of the triangle ABC. 
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Fig. 124 



When the frontal projection of this line is found, it may be seen 
that the line constructed in the plane ABC does not pass through 
point K in space. 

15. Construct the traces of a plane given by two parallel lines 
(Fig. 123). 

Hint. It is convenient to draw a horizontal and a frontal in 
the given plane and find the trace of one of them. This is of course 
not the only method. Any line lying in the given plane may be used, 
including lines a and b, but the method recommended is the most 
simple. 


1(>. Through a given point A draw a plane a, the traces of which 
merge into one straight line. 

1/. Through line AB draw an oblique plane and a horizontal- 
projecting plane (Fig. 124). 

18. Construct the traces of the plane given by the intersecting 
lines AB and CD (Fig. 125). (See exercise 15.) 

l‘J. Construct the projection of triangle ABC contained in the 
given plane (Fig. 126). Use lines of altitude. 

20. Plane a is given by point A and a frontal trace. Construct 
the horizontal trace of the plane (Fig. 127). 

Hint. Through point A in the given plane draw a horizontal. 




Remember that the traces of lines He on the corresponding traces 

°' 'sfl^Determine the angles of inclination of the plane of triangle 
ABC to the planes of, P ro l e ^‘°" - s "ecessary fo draw in the plane 

H int. To solve the problem 1 ‘ » f ?, e lines and, perpendicular to 
of triangle ABC the frontal an p A £ c re | a ti V e to the 

them, lines of max.mum inchnat on of 1**™^ to Fig. 117). 

P ' an 22 S DeSnl the^angles of ( inclinatio P n of plane a to planes 

of Wff.2 rart« 

contained in t&nV Construct the horizontal projection B,C, 

without using the profile plane of project.on ^ to draw an 

^ “■ 



Chapter V 

LINES AND PLANES 


§ 18. Straight Lines Parallel to Planes. 

Parallel Planes 

1. In elementary geometry it is demonstrated that a straight 
line is parallel to a given plane if the line is 
parallel to at least one line contained in the plane, or if it lies in a 
plane parallel to the given plane. 



Fig 129 Fig. 130 


I lie corresponding projections of two parallel lines are also 
parallel. It follows that the line AB in Fig. 129 is parallel to the 
p.<n;e oc, since the projections A\B\ and doflo of this line are parallel 
to the corresponding projections AI,A', and M 2 N 2 of line MN 

contained in plan**. 

1 lie one (.!). shown in Fig. 130. is not parallel to plane p because 
it is not possible to draw in the given plane p a line parallel to the 
given line Cl). This can be demonstrated as follows: parallel to. 
projections C Dj draw the projection M 2 N 2 of line MN contained in 
plant- j-. and construct the projection Af|A r j from projection M 2 N 2 . It 

A 01 ' 11 lh ;-!!/ ,A | is ,lot P aral,el to the projection 0,0,. This means 
that line LD is not parallel to the plane p. 



2. If it is required to draw through P« n ^ F }^ 3 ^ the'plfne 
line AB parallel to the plane of triang - through point K 

drawVlinelfi pSeUoTf, he.,sothaM,B,l|£,F, 

CZ)£ Cl Another e solutforf would^b^to draw^hrough pLt X a ifne 
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parallel to one of the sides of the e 1 P1 an^of^he triangle. 

necessary to construct an auxiliary f ron taV lines parallel to a 

The construction of horizontal and rental Unesj Qut 

given plane, when it is defined by ^ tl ^ e lines required will 

directly, without using auxi lary Th ’ c structiono f the horizontal 
be parallel to the respective traces.The construcu^ ^ pafallel t0 

AB parallel to the horizontal . tra . F - 132 Lines AB and 

the frontal trace l of plane a is shown in 1 ig. l n 

CD are parallel to a. 

3. The construction of 3 l?! ane 'Anlane passing til'rough’an 
auxiHary‘lino'd'rawn 3 para 11 el'the given line will be parallel to 

‘^^rder to construct a plane . & 

and passing through point C ( g. points C and D 

of any suitable length parallel to 3 and join in P q[ the 

with any point E. The point C. 

possible planes parallel t 1 “ P h f ch js para) | e | to a given 

,■ T °aR° n nH n1sses through a given point K (Fig. 134), through 
line AB ^1 uxiliary S 1 ine KL parallel to AB. Then construct 

the"twees M and N of the line KL. Through these traces and 
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a point taken at random on the ground line Ox, which is assumed 
as Xa, the point of convergence of the traces, draw the traces k\ and 
/ 2 of the required plane a, which is one of the planes satisfying the 
given conditions. If the traces of the plane were to be drawn 
through points M and N parallel to ground line Ox, then the plane 
constructed would be parallel to line KL and to ground line Ox. 



Fig. 133 Fig. 134 


4. The lines of intersection of two mutually parallel planes with 
any third plane are parallel lines (Fig. 135, where AB\\CD). 
Since the traces of planes are straight lines along which the given 
planes intersect the planes of projection /7,. /7 2 and 77 3 , 
corresponding traces of parallel planes are 
parallel to each other (Fig. 136, where k\\\k\ and / 2 II/ 3 ). 

When the traces of two planes are not given, these planes are 
recognized as parallel, if two intersecting lines contained in 
'he first plane are respectively parallel to two intersecting lines 
contained in the second plane. Horizontal and frontal lines may 
serve as the two intersecting lines in each of the planes. The two 
planes given by triangles ABC and DEF (Fig. 137) are parallel to 
each other since the corresponding projections of their horizontals 



Fig 135 Fig. 136 
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CM and DK and of the frontals AN and EL are parallel (CM\\D X K\ 

and/4 2 Ay£ 2 T 2 ). ... n 

5. Even if two planes are parallel to ground line Ox 
and their horizontal and frontal traces are parallel to that ground 
line, it may well happen that such planes are not parallel to each 
other. To determine whether such planes are real y parallel it is 



necessary to construct their ^ 

profile traces or to check 

whether the ratios of the q - W. 

distances of corresponding 
traces from the ground line 
Ox are equal. 

The planes a and p, shown ' 

in Fig. 138, are not parallel to 

each other, although their 

corresponding traces in F7\ 

and /7 2 are parallel (k x \\k[ and 

/ 2 ij/j) .Ascan be seen the profile 

traces 03 and p3 intersect. 

The planes a and p, shown 

in Fig. 139, are parallel to 8, D, 

each other, since the Fis 137 

corresponding pairs of traces n . ... 

on the planes of projection /7 It /7 2 and /7 3 are parallel. Due to this 

the ratios mentioned above are equal, e. g., m:n = q:s. 


6. The method of drawing a plane parallel to a 
given plane is based on the fact that the plane to be construct- 
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ed should contain two intersecting lines respectively parallel to 
two intersecting lines contained in the given plane. 

Let plane a be given by a triangle ABC. It is required to draw 
a plane p parallel to plane a and passing through point K 
(Fig. 140). The construction of the required plane may be carried 
out with the help of two intersecting lines parallel to two 
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corresponding lines contained in the plane of triangle ABC. Two 
sides of the triangle may serve as such lines. Draw through point K 
line a\\AC and line b\\BC. The plane p, passing through intersecting 
lines a and b, will be the required plane. 



Fig. NO 


When plane a is given by its 
traces k\ and l 2 and it is required 
to draw through point A plane p 
parallel to plane a the construc¬ 
tion is carried out as follows 
(Fig. 141): 

1. Through point A draw a 
horizontal line AN parallel to 
plane a (4|AM|fci and A 2 N 2 \\Ox ). 

2. Find the frontal trace N of 
this line. 

3. Through point N 2 = N 
draw the trace n 2 parallel to l 2 . 

4. Through point Xp draw the 
trace m 1 parallel to trace k\. The 
plane p is then parallel to the 
given plane a. 

Instead of using a line 


parallel to the plane of projection when solving this problem 
(Fig. 141) it would, of course, also be possible to use oblique lines. 

7. A plane parallel to a given plane can be 
made to pass through a given line only if the given 
plane and line are mutually parallel. 

The plane a and the line a 
parallel to plane a (a||6) are 
given. It is required to draw 
through line ci a plane p parallel 


b, 


Fig. 141 Fig. 142 

to plane a (Fig. 142). Construct the traces M and /V of line a and 
through them draw the corresponding traces ni\ and n 2 of plane p 
parallel to the traces k\ and l 2 respectively. The plane p constructed 
in this way is the required plane. 




Problems and Exercises 

1. How is it possible to determine whether a given line and 
plane are parallel? 

2. How may a plane be drawn parallel to a given plane? 

3. How may a plane be drawn parallel to a given line? 

4. Is the line a parallel to plane a (Fig. 143)? 

5. Through point A draw a line parallel to the horizontal- 
projecting plane (Fig. 144). 

6. Through point A draw a plane parallel to plane a which is 
parallel to the ground line Ox (Fig. 145). 

Hint. First, in the given plane draw an auxiliary straight line 
passing through two points taken on the traces k and /. Then, 
having drawn through point A a second line, parallel to the 
auxiliary line, find the traces of this second line through which the 
traces of the required plane will pass (see Fig. 142 and text). 



7. Construct the horizontal projection of triangle ABC the plane 
of which is parallel to the horizontal-projecting plane a (Fig. 146). 

8. Through point D draw a plane a parallel to the plane given 
by the intersecting lines AB and BC (Fig. 147). The plane should 
be represented as a triangle. 

9. Construct the traces of three mutually parallel planes a, p, 
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Fig. 145 


and v passing respectively through the given points A, B and C 
(Fig. 148). 

H i n t. Three mutually parallel horizontal lines, drawn through 
points A, B and C and their traces, should be used. 

10. Through a given point A draw a plane parallel to a plane 
passing through ground line Ox and a point B. (See exercise 6). 
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§ 19. The Intersection of Planes 

1. 1 he intersection of two planes is a straight line defined by 
two points which arc common to both planes. So the construction 
of the projections of uie line of intersection of two planes, as a rule, 
can be reduced to the determination of the projections of two points, 
lying in both intersecting planes. 

The method of determining points which lie on the line of 
intersection is called the method of auxiliary sections. It is widely 
used in all courses of descriptive geometry. 

The application of the method of auxiliary sections is illustrated 
in Fig. 149, which shows the plane a, given by the parallel lines 
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Fig. 149 


AB and CD and the plane p, given by the triangle EFM. Points K 
and L, common to both planes a and p, are determined by using 
two auxiliary planes, y and q). The plane y intersects planes a and 
6 in lines 1-2 and 3-4, respectively, and plane cp in lines 5-6 and 
7-8. The lines 1-2 and 3-4 intersect in point K common to planes a, 
p and y. Therefore point K lies on the line of intersection of planes 
a and p. Point L is common to planes 
a, p and y and lies on the line of inter¬ 
section of planes a and p which is 
found by connecting up points K 
and L. 

This method of auxiliary sections 
is used for solving problems in the 
multiview drawing. It is required to 
find the line of intersection of two 
planes, a and p, given by the pairs of 
parallel lines AB and CD and EF and 
MN. respectively (Fig. 150). 

Begin the construction by drawing 
an auxiliary horizontal plane y to 

intersect both planes. . x , , _ .. f . . 

The plane y intersects plane a in the horizontal 1-2, the frontal 

projection l 2 -2 2 of which coincides with trace y 2 . The horizontal 
projection l\-2\ is easily found with the help of projectors 1 2 -1\ and 
2 2 -2\. The projections of the horizontal 3-4, along which the plane p 
is intersected by plane y, are found in a similar manner. Point K i 
lies at the intersection of the horizontal projections 1\2\ and 3\4\ of 
the horizontals. Point K, is the horizontal projection of point K 
which belongs to the line of intersection of the given planes a and 
fi. The frontal projection K 2 of point K is obtained by drawing 

through K\ a projector to 
intersect the trace Y 2 - This 
trace possesses collecting 
properties. 

To construct the second 
point on the line of inter¬ 
section of planes a and p a 
second auxiliary plane (pis 
drawn. Its intersections 
with the given planes a 
and p are also horizontals. 
Since all the horizontals of 
one plane are parallel to 
each other, in order to 
construct the horizontals 
in which plane cp inter¬ 
sects planes a and p it is 



Fig. 150 
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sufficient to find one point of each of these two horizontals. 
Having constructed points 5\ and 6 \ in F7\ draw through them the 
horizontal projections of the horizontals. They are respectively 
parallel to the projections 1 \2 { and<Mi of the horizontals previously 
constructed. Point L, lies at the intersection of the lines drawn 
through 5 , and 6,. This is the horizontal projection of point L 

through which the line of intersection of 
'■ - planes a and p passes. The frontal projec¬ 

tion L 2 of point L is found with the help 
of a projector drawn through point L\ to 
y 2 the trace cp 2 of the second auxiliary 
plane. By joining up the corresponding 
projections of points K and L two projec¬ 
tions of KL, the line of intersection 
of the given planes a and p, are 
0 found. 

It should be noted that, instead of 
auxiliary horizontal planes, any two 
projecting planes could be used without 
changing the sequence of the construction. 


N-./K 




m t k, 


Fig. 151 


2. When the position of one of 
the points contained in the 
line of intersection of two 


planes is known the construction is simplified. 

In Fig. 151 planes a and p are given. Their horizontal traces k\ 
and mi intersect within the limits of the drawing. The point M, 
common to the planes a and p, is one of the points belonging to 
the line of intersection of these planes. The horizontal projection 
of this point coincides with the point itself (Afi=Af). The frontal 
projection AJ 2 lies on ground line Ox. 

To find the second point, common to both planes a and p, draw 
an auxiliary horizontal plane y the intersection of which with each 
of the given planes will be a horizontal. The frontal projection of 
these horizontals will coincide with the frontal trace y 2 of plane y, 
while the horizontal projections will be parallel to the horizontal 
traces k\ and m i of planes « and p, respectively, and pass through 
the horizontal projections A'i and N\ of their frontal traces N 
and A'. 


The horizontal projection A'i of point A contained in the line 
of intersection of planes a and p lies at the intersection of 
horizontal projections N\K\ and N[K\ of the horizontals constructed. 
The frontal projection A' 2 of point A is found on y 2 by drawing a 
projector through A’i. The projections of the line of intersection MK 
of the planes a and p are found by joining the projections of point 
AJ with the corresponding projections of point A’. 

It should be noted that the use of an auxiliary horizontal plane 
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is convenient because the construction oljhe 

and P requires only one Lroiection of the horizontal of 

?$£ "P.tKot S5S i pun, - ~ S " 

and Fig. 104. 



collecting pr^erties, the Jiomonta^ proje^t^ eg ^ t of 

SS". Xf» .W£5?. 

frontal ^cUon ^oflheline of intersection of the two pven 
planes. 

,^n TI } SHk 
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planes intersect. The frontal projection M 2 of point M and the 
horizontal projection N t of point N both lie on the ground line Ox, 
as they are projections of points situated in the planes of projec¬ 
tions. The projections of the line MN, i. e., the line of intersection 
of planes a and p, are obtained by joining up the corresponding 
projections of points M and N. 



i r> ‘ c ° nstru ction of the line of intersection of the frontal 

Jj an f ° w ) * l llG obIic l ue P ,ane « (Fig. 154) consists in determining 
he frontal line common to both given planes. The point M where 

! fc fr r n* 0 I J l n tr - ac !? *' ;I nd Pl intersect »s the horizontal trace of 

th f .r ‘i ' p, ; 0J cc tl0 n A/, coincides with the point itself, whereas 

, w |)r0J 1 c I ct . 10 . n of P° mt M lies on the ground line Ox. The 

f li e .Iff a n a f ® < {0 tr ^ ce 2 ? f P ,ane a is the frontal projection 
line ML cl intersection of planes a and p. The horizontal 
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Fig. 154 






Fig. 155 


projection M, L, of the line of intersection of these planes coincides 
with trace pi. 

6. The cases of intersection of two planes considered above may 

1,6 “regroup 0 consists of pairs of planes, the construction of 

the line of intersection of which requires 
the construction of two points contained 
in that line (Figs. 150, 152). The secon 
group consists of pairs of planes whose 
lines of intersection are determined 
by one point and a known direction 

^ ft should be noted that when ^ 

determining the direction of the lines of 

intersection of two planes an auxiliary 

plane parallel to one of those planes 

may be used. . , . 

For example, it is required to 

construct the line of intersection of two 
oblique planes a and p which are given 
by their traces. The horizontal traces 
and m, of these planes intersect within 

the limits of the drawing (Fig. 155) . 

Draw an auxiliary plane Y parallel to Pla" e J s ° that itsi trace 

P^ and which will be para lei to traces m, 

intersect the corresponding traces of plane a. n k , t 

hirizontal^races°intersectf thro ugh it draw line WIMjV. This line 
KL is the required line of intersection of planes a and p. 

7. While working on problems of XVy lineT The 

drawing should be kept as free as possible from auxiliary lines. 

following example shows how to achieve this. . t he 

triangir/IBCMtTrequfred'to SnsWt the projections of the line 
°' Two Se a C ux"iat th front P ai n pTanes g y and <p will be used. Each of 

frontaK The f poin^of 6 1hei"r^rftersection W,on line"oMntersec- 
tion of planes a and p. 
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Let the first auxiliary plane y pass through the vertex C of the 
triangle. This plane will cut plane a along the frontal MS and the 
plane of triangle ABC along the frontal CD. The intersection of 
the frontals MS and CD will determine the position of the first 

point K through which, the 
required line of intersection of 
the given planes will pass. 

The second auxiliary planecp 
is drawn through points parallel 

to the frontal plane of projec¬ 
tion /7 2 . The frontal projection, 
which is the line of intersection 
of planes cp and a, will pass 
through point M' and be parallel 
to trace l 2 of plane a. The frontal 
projection of the frontal, which 
is the line of intersection of the 
plane <p and the triangle ABC, 
will pass through point B 2 and 
be parallel to the projections 
CoD 2 of the frontal CD previously 
constructed. The intersection of 
the frontals in which the plane cp 
,r- . , , , . intersects the planes a and 6 

Z'l y ,T ° n . the , line of infection of planes a 

L'iven planes AA he rcqu,red line of intersection of the two 

thedrnS m ™ ted that ’ in ord , er to sim P lif y ‘he construction in 

ian Jlc l WaS P a , ssed ‘^ough one of the vertices of 

ra w ™ r n construc,1 "S ti>e frontal projection C s O, 
ole fron al CD only one point D 2 has to be found The second 

auxiliary plane cp is passed through the vertex B of triangle ABC, 



Fig. 156 
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7. Construct the line of intersection of two oblique planes 
(Fig. 160). 

Hint. Use an auxiliary frontal section plane. 

8. Find the horizontal traces of planes a and p whose line of 
intersection passes through point M (Fig. 161). 

Hint. The line of intersection of planes, when their two corre¬ 
sponding traces are parallel to each other, is also parallel to the 
traces. In this case the line of intersection is the frontal passing 
through point A parallel to traces / and n. The required horizontal 
traces of the planes a and p will pass through the trace of the 
given frontal. 



9. Construct the line of intersection of planes a and p. The plane 
a is given by the horizontal trace and point A. Plane p is given 

trace n 2 and point B (Fig. 162). 

Hint. first find the traces of the given planes. The trace of 
plane a is found with the help of the horizontal of the plane pass¬ 
ing through point A. The trace of plane p is found with the help of 
the frontal passing through point B. 

in. Find the point common to three planes, one of which is given 
by triangle CDE, the second, by parallel lines a and b, and the 
» traces k\ and / 2 (Fig. 163). 

H i n t. This problem can be reduced to the construction of two 
lines of intersection of two pairs of planes. For example, the line of 
intersection of plane CDE and the plane given by traces k and / 
can be found. Then the line of intersection of the plane given by 
the traces k and / and the plane given by two parallel lines can be 
determined. The construction should be worked out with the help of 
two auxiliary horizontal planes, the first of which should pass 
through point E and the second, through point C. 

11. Construct the line of intersection of two oblique planes the 
points of convergence of the frontal and horizontal traces of which 
converge in one point. 
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Hint. One point belonging to the line of intersection of the 
anes is the point of convergence of the four traces. Another point 
found with the help of horizontal and frontal auxiliary sections. 


§ 20. The Intersection of Lines and Planes 

1. Plane a and a line AB intersecting it are shown in Fig. 164. 
If a plane p is drawn through line AB and the line MN is theMine 

of intersection of planes a and p then the P 0,nt f nit Ices 

of lines AB and MN will be the point in which line AB pierces 

plane a. This is so because line MN is the locus of points common to 

both planes a and p, and point 
K at the intersection of lines 
AB and MN which lie in these 
planes, is a point common to 
line AB and plane a. 

ft 




Fig. 164 


Fig. 165 


The construction of the piercing point of a line in a plane 

generally consists of three operations: 

1 The construction of an auxiliary plane through the line. 

2. The determination of the line of intersection of the given 

plane with the auxiliary plane. , , . . .. r 

3. Finally, the determination of the point of intersection of the 

given line with the constructed line of intersection of the two 

P ’ a Projecting planes are generally used as auxiliary planes because 
of the simplicity with which these planes, passing through straight 
lines, may P be shown on the drawing, due to the collecting properties 

A line AB and a plane a, given by parallel lines CD and EF 
are shown in Fig. 165. It is required to find the meeting point of line 
AB with plane a. The following operations are necessary. 

1 Dr^w an auxiliary frontal-projecting p ane p through line 
AB. Its frontal trace-projection merges with the frontal projection 
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A 2 B 2 of line AB. Its horizontal trace is perpendicular to the ground 
line Ox. 


2. Construct the line MiV of intersection of planes a and p. To 
do this find points M and N in which lines CD and EF pierce the 
auxiliary plane. 

3. The intersection of lines AB and MN gives the required 
piercing point K of line AB in plane a. The horizontal projection 
K\ of this point lies at the inter¬ 


section of projections A\B\ and 
M X N\. Draw a projector from 
point A't to obtain the frontal 
projection K 2 of point A' con¬ 
tained in the frontal projection 
A 2 B 2 of line AB. 

The construction of the 
piercing point of line/IB in plane 




Fig 166 


Fig. 167 


o. given bv traces k x and l 2 , is shown in Fig. 166. The auxiliary plane 
|. n.isvod through line .-IB is perpendicular to the plane of projection 
'‘ <IC(? ?! c0,n eides with projection /I,B,. The line Af.V is the line 
{ \ ' ,il(>rs ection of planes a and p. The intersection of projections 
", n ’i -J ‘ A - 2 (, ? lcrmines tl,e frontal projection A 2 of point A, 
rn-i’f 15 r P r erCm ? P°' n l °‘ line AB in P'ane a. The horizontal 
fo"nters°ecl l'i.u! ‘ S ' by dra "' ing tl,rou B h a Projector 

2 When determining the piercing of a line with a plane 
Ihc traces oi which are given, it may happen that one pair of 
corresponding traces of the given and the auxiliary plane do not 
intersect within die limits of the drawing. In that case it is 

Fi^ S fo a n s° h ntmduC0 a SCc ; ond auxiliary cutting plane (see 
I ig. 151). Such a case is considered in Fig. 167. 

nJ'J? aux * ,iar V tronta 1-projecting plane p is drawn through 
line AB and the frontal trace A' of the line of intersection of planes 
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a and B has been determined, it may be seen that the horizontal 
trace m of plane 0 does not intersect the horizontal trace ol 
plane a within the limits of the drawing So in order to find the 
second point M contained in the line MM of intersection ol planes 
a and B, draw an auxiliary plane y parallel to F7 2 . The intersections 
of plane v with a and p will be frontals. The projection on plane 
fj 2 of the frontal of plane a will pass through point L 2 and lie 
parallel to trace / 2 , while the frontal projec¬ 
tion of the frontal plane p will coincide 
with trace p 2 which possesses collecting 
properties. The intersection of the frontal 
projections of these frontals gi\cs the 
frontal projection A/ 2 of point M The 
horizontal projection M\ of point M will lie 
at the intersection of projector Af 2 Al, with 
trace yi- This trace P ossesses collecting x 
properties. The line of intersection of 
planes a and (5 passes through points AI 
and N. This determines the piercing point 
K of the line AB in plane a. 



m 

m 


% 
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3. When the line piercing a given plane Fig , 6S 

is perpendicular to the plane of projection 

the projection of the point of intersection on 

the plane to which the line is perpendicular coincides with the 
projection of the point on that same plane. So the problem may 
be reduced to finding the second projection of the point of intersec¬ 
tion of the line with a plane by means of one known projection ol 

the This l case is illustrated in Fig. 168, where the line AB' is 
perpendicular to plane /7, and pierces the plane of triangle CDt_ 
The horizontal projection K\ of the piercing point K in p ane LDL 
coincides with point A^B { which is the projection of line AB 

° n To "construct the frontal projection /C 2 of piercing point K 
through point K\ draw the auxiliary line C,K|/ r i and. assuming 
it to be the horizontal projection of line CKF contained w i the pUnc 
of triangle CDE, by means of projection C,F, determine the frontal 
projection C 2 F 2 of the line. The frontal projection ^2 of the piercing 
point of line AB in the plane of the triangle CDE lies at the 

intersection of lines C 2 F 2 and A 2 B 2 . 

4. The piercing point of a line with a projecting plane is 
determined directly without auxiliary constructions. 

For instance, in Fig. 169, a the horizontal projection Ai ol the 
piercing point K of line AB in the horizontal-projecting plane a, 
which is given by the triangle CDE, lies at the intersection of the 
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projection-trace of that plane on 77, with the projection of the line 
AB on the same plane of projection/7,. The frontal projection/C 2 of 
point K is found by passing a projector through point K\. In 
Fig. 169, b the projections Ki and K\ of piercing point K of line 
AB in the frontal-projecting plane p are shown. 


i - 



0) 


b) 


Fie. 169 


Project the plane and line 
horizontal EF of triangle CDE 

vertices of the triangle C. D and' £ wW b7 fSund^s Traces "of 
horizontals drawn in the plane_ofJhe triangle through these 


5. Next let us examine the 
constructions required to deter¬ 
mine the piercing point of a 
line with a plane by means 
of the method of'oblique 
p r o j e c t i o n s. 

The construction of oblique 
projections in the system of 
planes of projection 77, and /7 2 
is similar to the construction of 
traces of lines and planes 
(§ 11 and 15, 7). The straight 
line AB and plane a which is 
given by the triangle CDE, are 
shown in Fig. 170. It is required 
to determine the piercing point 
of line AB in plane a. 
in a direction parallel to the 
The oblique projections of the 


points. The oblique projections C,. D, 
Pnmc. etc.) lie on ground 
I me P x and the projections 

C 2 . D 2 and E 2 lie on the 
fiontal trace / 2 of plane n. 

By drawing horizontal 
lint's parallel to the horizon- 
lad /:/• through points A 

and B and having found the 

of these lines we 

oblique projections 

and B\, B 2 of points 
B. The oblique pro- 

of line AB 

coincides with ground line 
O.v and its oblique projec¬ 
tion A 2 B 2 will cut the oblique 
projection of triangle C 2 D 2 E,. 
i. e., trace l 2 in point /C 2 . 

98 


“C line 


traces 

obtain 

A i , A 2 
A and 

jection 



Fig. 170 









The point K 2 is the oblique projection on fJ 2 of point /C which 
is the piercing point of line AB in the plane of triangle CDE. The 
oblique projection K 1 of this point lies on ground line Ox. 

By carrying out the reverse projection, namely by drawing 
through points Ki and K 2 the projections of a line parallel to the 
horizontal EF. at their intersections with the corresponding projec¬ 
tions of line AB we find the projections K x and K 2 of K, that is the 
piercing point of line AB in the plane of triangle CDb. 


Problems and Exercises 

1 Which planes are generally used as auxiliary planes when 
determining the piercing point of a given line in a plane? 

2. What constructions are required to determine the piercin & 

point of a line in a plane? , 

3 When is the piercing point of a line in a plane determined 

directly, without auxiliary constructions? How is this done 

4 How is the piercing point of a line in a plane found b> 

0b,i 5 qU Fi P nd Oi t e h C e i0 pie ? rcin g point of line AB in a plane given by the 
intersecting lines CD and DE (Fig. 171). 



Fig. 171 Fig. 172 rig. 173 



Fig. 174 Fi U 175 
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6. Find the meeting point of line AB with the oblique plane 
a (Fig. 172). 

Hint. Frontal projecting planes permit the most direct 
approach. 

7. Find the meeting point of the profile line AB with plane a 
which is given by traces k and /, using the method of oblique 
projections (Fig. 173). (See Fig. 170 and text.) 

8. Draw a line AB parallel to plane ct 
and cutting the non-intersecting lines CD 
and EF (Fig. 174). 

Hint. First, at any suitable distance, 
construct a plane parallel to plane a. Then 
determine the piercing points of lines CD 
and EF in that plane. The line joining the 
piercing points will be the required 
line. 

9. Draw a line through point K to cut 
the non-intersecting lines AB and CD 
(Fig. 175). 

H i n t. Join point K with two points 
contained in one of the given lines, for 
example, with points A and B. Then, find 
the piercing point of the second line CD 
in the plane of triangle ABK. The 
straight line joining point A', the piercing point is the required line. 

10, Draw a straight line to intersect lines AB, CD and EF 
(Fig. 17(3). 

lli n t. Through any point on one of the straight lines and two 

points oi another pass a plane, for example. CDF. Then, find the 

piercing point ol the third line, AB. with this plane. The line drawn 

through point F and this piercing point of intersection is the 
required line. 
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§ 21. Straight Lines Perpendicular to Planes 


I. Any line perpendicular to a plane is an intersecting or non- 
pi'■| C ne° Ct,Iltf perpCndicU,ar wilh res P ec * to any line drawn in the 

A line KL perpendicular to plane a and intersecting it in point 
A is shown in Fig. 1// If we draw through this point in plane a 
a horifontal A5 and a irontal CD. they will form right angles with 

fnrm S urn r e ‘ 4 ?/ 1S , para,,el to P lane th e right angle which it 
r (§13 1 me hL±a ,s P ro J ected onto plane /7, without distor- 


For the same reason an angle formed bv the frontal CD and 
t-C - 1S projected onto plane U 2 without distortion. 

1 a king into account the fact that the horizontal projection of 
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the horizontal (marked by the letters li.p.h in Fig. 177, b) and the 
frontal projection of the frontal (f.p.f.) of a plane are parallel to 
the corresponding traces of the plane, it follows that in the 
multi view drawing the projections o! a line per¬ 
pendicular to a plane, are perpendicular to the 
corresponding traces of the plane and also to 
corresponding projections of any horizontal and 

frontal of the plane. 



This being so the construction of a perpendicular to the plane o. 

given by triable BCD (Fig 178) izoffalM 

consists of he followup. D the on of a pe r- 

^n d dL',r fronf 4, 0f to th Di! a a e nd another from * to «■ - 

A\K\ -L D\E\ and A 2 K 2 ±-B 2 F 2 . 

2 The determination of the distance of a point 
from a plane The problem of determining the distance of a 

srs-W 

line the length of which is the distance required. . 

It is required to determine the distance of point D from the 

Pla r?i t [he n ^ane B o C f ( tri i a g ngle 9) ^C draw the horizontal AL and 
frontal CF. From point D, draw a perpendicular to the horizontal 
projection A\L\ of the horizontal and from point D 2 draw a 
perpendicular to the frontal projection C 2 F 2 of the frontal. Line 
D£ P is then the perpendicular drawn from point D to the plane 

ABC. 
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2. The piercing point of perpendicular DE with plane ABC is 
found with the help of a frontal-projecting plane y passed through 
DE. The frontal trace Y 2 of this plane coincides with the frontal 
projection D 2 E 2 of the perpendicular DE. The horizontal trace ni x 
is perpendicular to ground line Ox. Find the line MN of intersection 
of planes ABC and y- The intersection of lines DE and MN gives 



F ‘g Fig. 179 


point A where the perpendicular DE pierces the plane ABC. The 
length of line DK , whose projections Z),A, and D 2 K 2 have been 
found, is the distance from point D to plane ABC. 

3. The true length of this line DK is found by the right triangle 
method. Having obtained the difference h of the distances of points 

D and A'from plane/7,. construct the right triangle D, A,D, one side 
ot which is the horizontal projection D,A', of line DK. A second side 

is equal in length to h The hypotenuse K\D gives the true value of 
the required distance Iroin point D to the plane of triangle ABC. 
3. II the plane is one of the projecting planes, as in Fig. 180 

Of'the distn P nce C oMh S a . front f al ' pr ^ ectin S P^ne. the determination 

simnlifi -rl Th the K plane he given point A is considerably 

simplified. This is so because the frontal projection A 2 of the pierc- 

uk nn'n ) 0 / 1C P u-P en u IlCular drawn from point A to plane a 

A nn?, l, ’ e . trace . / 2 - ", hll e the perpendicular AK is parallel to plane 
// 2 and so is projected onto fl 2 in its true length. F 

«r 4 ‘t i! P ° F u C r [ 0 • p a s , s a P 1 a 11 e horizontal to line 

nwhV I U g r 3 P° ,nl A ' a horizontal or frontal at right angles 
to the gn-en line is constructed (Fig. 181). By drawing through 

point A the horizontal .TA\ whose horizontal projection A\N { is 
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perpendicular to B,C, and, having found trace N of this horizontal 
draw through point iV 2 = N the trace / 2 ±B 2 C 2 Through the point 
of convergence of the traces draw the trace AiXBiC, The plane u 
so constructed is the required plane, since it passes through point 
A and is perpendicular to line BC. moreover its traces *, and h are 
perpendicular to the corresponding projections of the gi\en line. 

5. The problem of deter min- L 

ing the distance of a point , // 

from a line may be solved with V 

the help of a plane passed through / n 

the point perpendicular to the line. / N n/ r 2 

The solution of this problem is as / s'/V'* 

follows (Fig. 182): n / 


’ ft * *2 




<sf 

TL 

c , 


U iK 


/B, 

?K, 


Fig. 180 


B{ 

Fig. 181 


Fig 182 


I. Construct the pl.no .J -AS «i», tt,. H|. gl *<■ “"J 1 ,? 1 

fi \ W| J P oirup“/a fl nd L. The perpendicular KL located in, the 
plane al AB enables the distance of point L from line A 

deternnnedtrue £Z. ± of line KL is found by constructing the 

right-angle triangle K\L\K. 

§ 22. Perpendicular Planes 

I. Two planes are mutually perpendicular if in each plane 

a line may be drawn perpendicular to the other. plane 

It follows from this that, in order to Purnuahsome 

perpendicuUr ^o the ‘^angte /X uct f ljne A ,,y 

perpendicular l tie^ve^p'lane. To'do so the horizontal AL and 
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the frontal CF are drawn. The horizontal projection AfjA'i of the 
perpendicular passing through M will be perpendicular to the 
horizontal projection A,Z., of the horizontal AL. The frontal projec¬ 
tion A/ 2 A '2 of the perpendicular will, in turn, be perpendicular to 
the frontal projections C 2 F 2 of the frontal CF. A plane passing 
through line MX will be perpendicular to the plane of triangle ABC. 



Fi u 183 Fig I84 


An infinite number of planes perpendicular to plane ABC could 

in ri r ' IV \oo hr0Uei i 1 , n . e ;WA - T,le P lane determined bv triangle MXK 
in 1 ig. loo is one of them. " 

In Pig. 184 the plane of triangle ABC is perpendicular to plane 
^4 gi\en by traces /e, and l 2 . since the side AC of this triangle is 

perpendicular to plane a (/1,C,_L*, and A 2 C 2 J_/ 2 ). g is 



Fig. 185 


2. The problem whether two given 
pianes are perpendicular to 
f. a ^ 1 0 * ^ e 1 * s solved by drawing 

through a point taken in one of these planes 
a line perpendicular to the other plane. If 
that perpendicular is contained in the first 

plane, then the planes are perpendicular to 
each other. 

The planes a and p, depicted in Fig. 185 
are not perpendicular, since the perpen¬ 
dicular AB drawn to plane p from a point 
A, taken on trace / 2 of plane a, does not lie 
ir. plane a. This may be proved by draw- 
mg an auxiliary line in plane a. Such 
3 line is the frontal BN in Fig. 185. 
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It is clear that frontal BN does not intersect the perpendicular AB 
and is not parallel to it. 

3. Planes a and p w h o se co r r e sjP ° ndi n g tr a c e s 
are perpendicular, .. e„ ft.Xm, and t 2 Xn 2 , are not 
perpendicular to each 


K\ A- til \ dliu - 

other. This is so because a 




perpendicular AB drawn to plane p from point A. taken in plane 
S i P s not contained in plane l. since its project.ons are par nel to 
the corresponding traces of this plane (/l,Bill*i and AtBiVh)- 

4 Attention should he paid to the fact that the mutually per¬ 
pendicular disposition of corresponding traces of two oblique lines 
such as those in Fig. 186, is a sign that such planes do not intersect 

at rigm angles st Qne of , wo intersecting planes is a 

projecting plane and if the angle formed by the 

d i -.vfH 1 : ? .v. % : vw.? ?. i r: 

dicular to the horizontal-projecting plane f! since the h°" zont | 
trace ft, of plane a is perpendicular to plane p. This is so because 

A,±p, and the frontal trace «, is perpend^ulartojie ground line 

Or vvith which the frontal projection of trace k (k 2 — Ux ) coincides. 

If one of two mutually perpendicular planes is a profile plane 
and the other is parallel V ground line Ox or passes through jt. 
then the corresponding traces of such planes in the i - 

01 v.’ , ^ir”^is^vi , x ,l TiJ!rEr££SSii™*».. 

si. Muz.! 
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a given plane may be constructed by intersecting it by a project¬ 
ing plane perpendicular to the trace of the given plane (for 
comparison see § 17). 



Fig. 188 


Problems and Exercises 

1. What are the positions in the multiview drawing of the 

projections of a line which is perpendicular to a plane given bv 
its traces? b J 

2. How is the true distance to be found of a point from a) a 
horizontal-projecting plane, b) an oblique plane? 

3. How are the frontal traces of two 
mutually perpendicular planes seen in the 
multiview drawing if one of them is an 
oblique plane and the other is a frontal- 
projecting plane? 

4. Are oblique lines perpendicular to each 
other if their corresponding traces in I7 { 
and 77o are mutually perpendicular? 

5. What planes should be made to inter¬ 
sect a plane in order to obtain in it a line of 
maximum inclination a) to plane 17,, b) to 
plane fJ 2 , and c) to plane /7 3 ? 

' j”' 1 the distance of point D from the plane of triangle ABC 

...I' Finlthe distance of point K contained in ground line O.c from 

p m nc cc ( r l {j. 1 o4 ). 

nrr DeU> rmine whether the planes given bv triangles ABC and 
DEF are perpendicular (Fig. 197). ' 

Hint. From any point taken in one of the planes drop a 

perpendicular to the other plane and check 1 whether the 

I»i[H nclKular belongs to the first plane (see Fig. 185 and text). 

Mf"Ugh a point C taken on line AB draw a line CL 
perpendicular to .-IB to intersect line DE. 

Hint. With the help of level lines perpendicular to AB 
pass through point C a plane perpendicular to AB. Find the point 
oj intersect.on L of line DE with the plane drawn and join pEs 

it- 10 i C i°A Kslri ! C /u n rcc *angle ABCD by means of two projections of 
its side AB and the horizontal projection of side BC. 

.*• ^ dh the help of level lines perpendicular to AB draw 
an auxiliary plane perpendicular to AB and passing through point 

nJ^oi cLc W in, he - in ‘ hiS P'f"*: Havin S found projection 31 ^ 
unci pi ojection C 2 and join up points C 2 and Bo 

Hie projections of the other two sides‘of the rectangle are 
andBC. an( eqUa t0 the corres P on(ii ng projections of its sides AB 
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11. In plane a construct a parallelogram ABCD given its 

diagonal AC and its vertex B (Fig. 188). 

12 Bv means of the frontal projection C 2 D 2 construct the 

horizontal projection C,D, of a line CD which is to be perpendicular 

*° ^finT Draw a plane perpendicular to line AB and in it 
construct an auxiliary line parallel to line CD The required P r0 J^' 
tion C,D, will be parallel to the horizontal projection of this 

13. Through the piercing point of line AB in an oblique plane a 

draw a line perpendicular to AB lying in the plane. 

14. Construct a plane p, parallel to a given plane a and situated 

20 mm from it. 


§ 23. The Determination of Visibility 
of Geometrical Elements in Multiview Drawings 

1. In order that a drawing may be as clear as possible the visible 

contours of the object represented are usually shown by continuous 
lines and hidden lines, by broken lines. Sometimes invisible parts 

^The method^ of determining the visibility of elements in the 

mU of V two^ven pohitf iy^ng C on a line perpendicular to a given 
plane of projection, the point nearer to the eye of the observer will 
be the visible point. It is assumed that the observer 1S f 
the first octant looking along the line perpendicular to the p * 

of projection to which the two points belong. 

It follows that, of two points 1 y1 n f. ° n n . * 1 ' ' 

perpendicular to a plane of projection the one 
farther away from the plane is the visible point. 

The points A and B (Fig. 189. a) are situated on the same 
projector* perpendicular to plane /7 2 . Point A being farther away 
from plane /7 2 covers point B. So. when projected onto /7 2 , pom M 
is visible and point B is hidden. When projected onto plane d, both 
points A and B are visible because they he on different lines 

PCr fn n th'eUmulti°view drawing (Fig. 189. b ) the frontal projections 
of points A and B coincide. A 2 = (B 2 ), since these points in space 
lie on the same frontal projector. The horizontal projection .4, o 
point A lies farther away from ground line Ox than the horizontal 
projection £, of point B, so it follows that point A is farthera J ay 
from plane /7 2 and. being projected on this plane n 2 . covers point B 
Points C and D (Fig. 189, a) lie on the same bnc perpendicular 
to plane fl\ point C being higher than point D . that is to say. 
farther away’ from plane Dl u so point C. when projected onto plane 
fJ u will be visible and point D will be hidden. 
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In the multiview drawing, Fig. 189, b, the horizontal projections 
of points C and D coincide, Ci =(£>,). The frontal projection C 2 
of point C is farther from ground line Ox than the frontal projection 
D 2 of point D, so point C is farther from plane 77, and, being 
projected onto that plane, will hide point D. 



F 'Z 189 Fig. 190 


,. 2- Visibility of points on non-intersecting 
lines. & 

"Two skew lines AB and CD are shown in Fig. 190. Point E 
contained in me AB, and point F, contained in line CD, are situated 
on the same line perpendicular to plane 77,. The horizontal projec¬ 
tions of points/: and F merge as one point, where the horizontal 
projections of the given lines AB and CD cross. Point E is farther 

w?n 1 be v[sib(e' ^ P ° ,nt F ' and S °’ When P ro J ected on plane 77,, 

Pointcontained in line AB. and point A. contained in line CD 
are situated on one perpendicular to plane /7 2 . The frontal projec- 

?. f P° ln /f. L and K merge into the point, where the frontal 
projections of the given lines AB and CD cross. 

Point L lies farther away from plane 77 2 than point A and. when 
projected onto plane /7o, will be visible. 

3. Next let us consider the visibility of the parts of 
the projections of a line MX inter s e c A n g an 
opaque triangular plate ABC (Fig. 191). S 

By passmg through MM an auxiliary frontal-projecting plane 

fo'im A i W th re h ,ne ' A PierCCS trian g ular P ,ate ABC, is found P This 
point A is the boundary ol visibility of the parts of line MN Let us 

determine the visibility of separate parts" of line MN when it“ 

projected onto plane fl 2 . Take a point E on the side AB of the 

triangle and a point F on the line MN, so that points E and F 
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project onto plane n 2 as one point E 2 = F 2 . The horizontal projec¬ 
tion £1 of point £ lies farther away from ground line Ox than the 
horizontal projection £1 of point F. In other words, the value of y 
for point £ is greater than that of y for point F. Therefore point £. 

when it is projected onto plane /72, hides point F. 

The part FK of lrne Af/V when pro¬ 
jected onto plane fl 2 will not be visible. 
It is hidden by the opaque triangular 




Fig. 192 


plate ABC, whereas part KM remains visible since it lies in front 

Of the plate. , . . . . . n 

The visibility of parts of line MN, when projected onto plane // 1 . 

may be determined by comparing the values of 2 for points R and 

5 . the horizontal projections of these points merge into one point 

R,==Si and are located at the intersection of lines M 1 A 1 and «,c,. 

Since the distance 2 of point R, which belongs to side BC of the 

triangle, is greater than that of point S which belongs to line A A, 

the part KS of line MN lies below the triangular plate ABC and so, 

when projected onto plane fl\, is invisible. The part SA of line . 

when projected on plane /7, is visible since it is not covered by 

the plate ABC. 

4. Now let us find tile line of intersection of the opaque 
triangular plates ABC and DEF. The visible part of triangle ABC 
will be shown by dots and that of triangle DEF by hatching 

<F To'construct the line of intersection KL of these triangles find 
the piercing point K of side ED with triangle ABC. This is done 
with the help of the frontal-projecting plane a and point L in which 
side FD pierces triangle ABC. This construction is not shown in 
Fig. 192. Next join points K and L. 
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The visibility of the separate parts of the triangles ABC and 
DEF when projected onto 77, and fl 2 may be established by 
determining the visible parts of the sides ED and FD , as was done 
with line MN in Fig. 191. The visible parts of triangles ABC and 
DEF are shown by dots and hatching respectively. The parts of 
the sides of the triangle that are hidden are not shown. The space 

drawing of the intersection of the 
triangles ABC and DEF and the pro¬ 
jections of these triangles on planes 
/7, and /7 2 are shown in Fig. 192,6. 

5. Let us construct the line of 
intersection of triangle ABC with 
parallelogram EFNM, both of which 
are assumed to be opaque plates 
(Fig. 193). 

In order to determine the line of 
intersection KL of the given figures, 
first find point K in which the side 
EM of the parallelogram pierces the 
plane of the triangle, and point L, 
where side BC of the triangle pierces 
the plane of the parallelogram. Points 
K and L are then joined up. 

The visibility of the various parts, 
when projected onto plane /7 2 . is 
. . f t determined with the help of points S 
?. nc 7 . tak * n 0,1 s,de EF of fie parallelogram and on the side BC of 
the triangle, respectively. By comparing the values of y for points 

,* £ ,t „ can be . s een ‘hat point P is situated farther awav from 
plane /7 2 than point S It follows that part BL of side BC of the 
triangle wil be visible when projected onto plane /7 2 . Bevond the 
boundary of visibility, point L, the side BC is covered by the 
parallelogram and again becomes visible in the vicinity of the vertex 
C since this part is not hidden by the plane of the parallelogram 

• 2 * 0 the various Parts, "'hen projected onto plane /7, 

on sides dC a nd F MnYlh® Val f UeS ° f % for P oints 2 and 5 taken 
2 is sm»n„ ft. “ .i' . t the e ,ven figures. The value of e for point 

with th 111 t lat of P omt 5 - !t follows that point 5, together 

Doint A >J “ponding part of side EM of the parallelogram up to 

the "si He' ™ proJected onto plane /7,. is visible. Bevond point K 

! !ih d u A .f asses under the triangle ABC and again becomes 
\isible when it emerges from the plane of triangle ABC. 



Fin. J93 
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Problems and Exercises 


1. If two points are situated on one perpendicular to a plane of 
projections, how is their visibility determined? 

2. When will a line which lies behind an opaque plate and is 
projected onto plane FI\, be visible if it is projected onto plane /7 2 ? 



Fig. 194 Fig 195 


3. On the two non-intersecting lines a and b find the points, 
which are not visible when projected a) onto FJ\, b) onto /7 2< c) onto 

/7 3 (Fig. 194). . 

4. Determine the visible and hidden parts of line AB when it 

pierces the plane of parallelogram CDEF (Fig. 195). 



Fig. 196 Fi R 197 


5. Construct the line of intersection of plane a, given by traces 
fc, and / 2 , with the triangle ABC. Show its visible part by hatching 

(F, |. Construct the line of intersection of triangles ABC and DEF, 
showing visible parts of the triangle ABC-hy hatching and those 
of the triangle DEF by dots (Fig. 197^^0* ' r . 

n ^ fly 1 
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Chapter VI 

THE TRANSFORMATION OF PROJECTIONS 

If straight lines or plane figures are parallel or perpendicular 
to the planes of projection, then distances, angles and the relative 
positions of individual geometrical elements in space, as seen in 
the multiview drawings, may be measured without any additional 
construction. That is to say true views are obtained. For example, 
the true distance of a point from a line is given by the projection 
on the horizontal plane /7j if the given line is perpendicular to that 
plane. Any figure lying in a horizontal plane will also be projected 
onto plane 11\ in its true size. 

The determination of the true dimensions of oblique lines and 
planes requires special constructions transforming the projections 
into others enabling the true views to be determined directly. 

Any course of descriptive geometry must outline various meth¬ 
ods of transforming projections. These are the substitution of one 
or more planes of projection by others, the method of rotating the 
planes of projection and the method of coincidence. 


§ 24. Substituting Planes of Projection 

1- A point .1 is given relative to the pair of planes of projection 

n v n 2 (Fig. 198, a). Instead of the frontal plane I1 2 an additional 

plane of projection 1 7 4 . perpendicular to plane /7 It may be introduced. 

In trie ca.se of such a substitution the profile plane of projection 

in the principal system of projection planes /7,-/7 2 -/7 3 continues 

to be referred to as /7 3 . The planes /7, and /7 4 constitute a new pair 

u '! lutua y P cr P enf bcular planes of projection and the line will 
be the new ground line. 

Let us construct the orthographic projections 

n P n° ' ‘ n the 11 e w . s >' s tem of Planes of projection . 

_/i-//.j. The horizontal projection A\ of point A in the new system 

// r // 4 will still be the horizontal projection of point A since plane 
,1 rer, iams unchanged. To obtain the projection A 4 of point A on 
ptane draw a perpendicular to that plane from point A together 
with the rectangle AA\A\ 4 A 4 , of which one side is the line AA\ and 
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another the perpendicular /Mu drawn from point A i to ground 


line sH- , , „ , 

Since A^Au and AA\ are 

AAiA u A 4 , they are equal. But 
other words, the distance 
from the new ground 


the opposite sides of rectangle 

AA\ = A 2 A i 2 « so A a Ai 4 = A 2 Ai 2 . In 
of the new projection A 4 
line s 14 is equal to the 



Fig. 198 


distance of the original projection A, from 

R r °n order ” 0 ° pass from the three-dimensional representation to 
flip multiview drawing plane fl\ is rotated about ground line m 
t^coTcid^with^an^. Projection A< of point A will then he on 

the same perpendicular to the ground line s, 4 as point /l,. 

Planes /7, and /7 4 may be brought into coincidence by rotating 
fj i n either direction. However, the direction of rotation should be 
such that the projections A x and A 4 of point /I lie on opposite sides 

°' ^"construction of projection * of point A in the multiview 
drawing (Fig. 198. b) is carried out in the following order. ') 
ground Hne ^Sn of the new system of plj-nes o projection ^-^ 
21 from ooint A, draw a perpendicular to the line sh. d) on mis 
perpendicular trim the line s» lay off distance/M m equal to the 
length of line A 2 A I2 . The point A, obtained in this way is the ortho- 

graphic projection of point A on plane // 4 . 

2 The construction of the multiview drawing of point B 
(Fig 199 a), when the horizontal plane of projection /7, is changed 
for tfie new plane /7 4 , also perpendicular to plane /7 2 . is earned out 
in the same sequence. First, the ground line s 24 of the 
system of planes of projection is drawn. Then, from point B 2 
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perpendicular is drawn to line s 24 . Finally, on this Perpendicular 
the distance £ 4 £ 24 = B,B 12 is laid off from line s 24 . In this case the 
distance of projection B 4 of point B from the new ground line s 24 
is the same as the distance of the original projection B i from the 

^ r °The construction of point B A when substituting the plane of 
projections 77, by /7 4 is also shown in Fig. 199, b where plane I1 A , 



Fig. 199 


which is also perpendicular to plane /7 2 , is rotated about line s 24 
together with projection B A until it coincides with plane 77 2 . 

3. The projection of a line, when one of the planes of projection 
is changed, is received by projecting two of its points onto the new 
plane of projection and joining up their projections. 

Given the projections of a line AB, see Fig. 200, the sequence 
in which its new projection on a plane /7 4 , perpendicular to the 
horizontal plane of projection n x and parallel to.4B,may be found, 
is as follows. Since plane /7 4 has substituted plane /7 2 . the distances 
of points A t and # 4 from line sh are respectively equal to the 
distances of points A 2 and B 2 from ground line Ox. 

The new projection A a B a of line AB is a true length of the line, 
so the length of A a B a is its real length. It should be recalled that 
since the plane /7 4 is parallel to AB the ground line Sj 4 is drawn 
parallel to the horizontal projection A\B\ of segment AB. 

Line AB, as seen in Fig. 201, is projected onto the new plane 
/7 4 , drawn parallel to AB itself and perpendicular to plane /7 2 . The 
distances from points A a and B A to line s 24 are respectively equal 
to the distances from points A\ and B\ to line Oat. The new 
projection A a B a gives the true dimension of line AB since this line 
is parallel to 1 7 4 . 
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The angles a and p, shown in Figs. 200 and 201, are the true 
angles of inclination of line AB to the planes of projection /7, 

st srsof ,cc?.‘ , .‘h° r ,; ! s z. n , 

includes the horizontal projection of line * 

A B 

The true angle of inclination p of the 
given line to frontal plane of projection/7 2 
is seen in the new system /7,'Z 7 * which 
includes the original frontal projection of 

6 Finally, it should be understood that 
when determining the true angle of 
inclination y of the given line to the profile 
plane of projection, it is necessary to 
construct a new system of planes of pro¬ 
jection which must include the profile 
plane of projection /7 3 . 

4. It must be remembered that, 
although the new planes of projection 
nftra ii2j to line AB in the transformations 

projection of the line which remain 5 unchanged. In that 

new projection will give the true length o the line 

In Fig. 202, when determining the true length of AB by 



Fig 200 









Fig. 202 


8* 
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method of planes of projection, in order to k“P *He drawing as 
small as possible, the ground line sh of the /7 r n 4 system oi 
planes of projection is drawn through the projection 4,5,. The size 
of the drawing may also be limited by laying off front line s I4 
not the real values' of z .a and for points 4 and 5, but these 
dimensions less some value. In the case in point z B is the value 
subtracted, and for point B we receive z B -z B -V. 


a 2 
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In this case point 5., coincides with point 5, and projection 
A .,5., will be the hypotenuse of the right triangle 4,4 4 5 4 , one side 
of which is the horizontal projection 4,5, of the given line and the 
second side is the difference between distances at which its limit¬ 
ing points A and 5 are situated from plane /7,, in which the side 
4,5, of the triangle lies. Thus the right triangle method is actually 
the conversion of the multiview drawing by the method of changing 
planes of projection. 

5 . When constructing a new projection of a line 
situated in different quadrants the positive 
coordinates of points should be laid off on one 
side o f the new ground line and t h e negative 

c o o r (1 i n a tes on the other. 

A line 45 which contains point 5 in the fourth quadrant is given 
in the drawing (Fig. 203). When constructing a new projection of 
this line in the /7,-5 4 system of planes, since plane /7 4 is per¬ 
pendicular to plane /7,. the negative value of z B for point 5 is laid 
off upwards from the ground line s,.,, whereas the positive 
coordinate ^ \ of point 4 is laid off downwards from it. 

The projection 4 4 5 4 gives the true value of the line 45, since 
line is drawn parallel to the unchanged projection 4,5,. so 
plane //., is also located in space parallel to line 45. 




nroiections A t , B, and C 4 of the vertices of the triangle, we see that 
theie points lie on straight line A,B iCi , which is the trace-project on 
of the plane of triangle ABC on /7 4 , i. e„ the trace of a plane which 

haS Having I found the projection F 4 of point/ 7 on the plane n t , from 
it draw a perpendicular to the trace-projection ,4 4 B 4 C 4 ot plane 
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ABC to obtain point Ka (Fi^. 206. b) . The length of F<K< is the 

true distance of point F from plane ABC. 

When determining the projection ot line H on plane Hi and 
/7, it should be remembered that its horizontal projection /*iA, 
must be parallel to ground line Sn since line FK is paralle to plane 
n,. In other words. F\K\ must be perpendicular to projection 
of the horizontal of the plane of triangle ABC, since /'A is 

perpendicular to plane ABC (see §21). ... 

The frontal projection K 2 of point /\ is found on the perpen¬ 
dicular projector drawn from K\. Point K 2 lies from Ox at a distance 

equal to the distance of point Ka from line 

When a plane is not given by a triangle but by its traces, the 
procedure remains unchanged. The ground line of the new system of 

planes of projection is drawn at right 
angles to one of the traces of the plane. 

8. The transformation of an oblique 
plane, which in the new system of planes 
77,-774 continues to be an oblique plane, 
is seen in Fig. 207. The ground line 
s, 4 of the new system is inclined to trace 
ki. The point of convergence of the traces 
of plane a in the system of planes /7,-/7 4 
is point S a . This is the point of intersec- 











second point through Construct its projection hi on 

tfv 8*5®-^ i :i " 

plane /7,. The trace of plane a in plane /7 4 is t g 

joining points S a and N r 
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Pl ,^i^gF =: "“ z “ = 

when substituting one p ane of p J r projection lh and /7 2 

The substitution of the principal p ] g 2Q8 The plane 

by the additional planes /7 4 an 5 g ^ is perpendicular 

rii is perpendicular to plane Fl\, Z . substituted by plane 

to 4 /7, For the first transformation plane /7 ^s su obtained The 

/7 4 . Thus a new projection Aa of the point * ^ equa , to the 

distance of projection A .j hom g r arounc j line Ox, i. e.. 

distance of the substituted pr J second conversion plane /7, 

equal to the value 2 for point A. obtain the second new 

is substituted by plane 5 . In planers « obtain .m ^ ^ 

projection /Is of point T J? e , c nlanesof projection /7 4 -/7s 

ground line s 45 of [he second sy '™ bstit P uted horizontal projection 

is equal to the distance y of * f n n system of planes of 

>1, from the ground line s M of the /7, Ua system 

projection. instructed as follows. Draw 

The multiview drawing is then*l^^nroiection /7,-/7 4 . Then, 
line S\a of the first new system op tb is line, lay off cn it 

having drawn a perpendicular f m ^ A js then the projection 

!?SS!VSn"S™”S. & «•*'„%"S S 

ft ft 







y ' so finding point As. The points A, and As are the new projections 

°' .the second> substitution of a plane 

°f projection was carried out^the — 
from^projection i to fine 

^ is not equal to the distance of projec¬ 

tion A x from line Ox of the principal 
system of planes of projection /7 r // 2 - 
The distance if in plane /7 5 is the 
length of the fourth line of the four 
lines situated between the ground 
lines and projections As, A 4 and A\. 

These lines are the projections of 
four projecting lines in the main and 
new svstems of planes of projection. 

When constructing other projec¬ 
tion systems by the method of substi¬ 
tuting planes of projection, each new 
projection of a point will occupy 
the fourth place, counting from the 
projection being substituted. For 
example, in Fig. 218 point D 4 which substitutes the horizontal 
projection D x in the system D 2 -/7 4 , D 4 lies at the end of the fourth 
line, counting 1) from point D, to ground line Ox 2) trom 
this line to point Do, 3) from point D 2 to axis s 24 , and finally 4) Irom 
axis S 04 to point D 4 . 



10. An oblique line AB is given in the system of the principal 
planes of projection /7 r D 2 (Fig. 209). It is required to find a new 
system of planes of projection in which the given line is projected 

as a point. .. 

A line is projected as a point when it is perpendicular to the 
plane of projection. Therefore the new plane of projection must be 
perpendicular to the given line AB. It is not possible in one 
operation to choose a plane of projection at the same time 
perpendicular both to line AB and to one of the original planes of 
projection, since AB is an oblique line. An intermediate plane of 
projection parallel to AB has to be introduced as the first step. 

The line AB is then projected onto this plane. 

The second plane of projection to be introduced must be 

perpendicular to both line AB and the intermediate plane of 

projection. 

In Fig. 209 the intermediate plane of projection 77 4 is perpen¬ 
dicular to plane /7 1 and parallel to line AB. The line AB is 
projected onto /7 4 in its true length, i. e., the length of projection 


A i B i =AB. The second plane °^ pr °i ec ‘'“^drawing the ground 
pendicular to AB and op A%. By extending line 

line S 45 is perpendicular to P J . s 5 a distance equal to 

A,Bt to cut line s,s and'aymg Ue f rom the intermediate 

the distance at " both pomtsd, _ ^ which is the project.on 


grouiiu 1111 ^ n 

of line AB on plane/7s. 

This construction is 
widely used in transform¬ 
ing projections by the 
method of substituting 
planes of projection. 
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11. Examples of the con¬ 
structions used in descrip¬ 
tive geometry for determin¬ 
ing true dimensions by 
substituting planes of pro¬ 
jection arc given below 
Example 1. Findthe 
true size of triangle ABC 
(Fig 210). First project 
triangle ABC onto p ane 
11a perpendicular to plane 

H\ and to the plane of the. r tr i an gle ABC draw the horizontal 

w: ■»»"■ •• «•* 

A<CaB<. cprond new plane of projection H s 

Let us now introduce the second ^ ^ndicular to plane 

parallel to the plane ,° J 1 ' n ? ra ll e l to the projection AaCaBa- Hav- 
/7 4 . Line s 45 must be dra P ch lhe horizontal projections /Ji. 
ing measured the distances at . y from line s 14 , lay of 

B, and C, of the vertices of ^ c tr ‘ f a ^‘ e perpe ndi C ulars to ground 
these distances on L Ba and C 4 . Having 

line s 4 5 drawn respectively ti noufi^lP straight lines . The triangle 

^° U B Csconstfucted Is identical with the original triangle ABC. 
othe'r words a true ^^y S ^btaine ^ between the non- 

InSK line ?AB and CD (Fig^lL).^ ^ 1# T 

Here a double substitution P Qne ^ lines, say, to AB. 

first new plane D 4 is drawn pa in its true length 

as.isrwi?. 1 ”ur<ss.s&£ “J" -• “• "”« i1 » 










distorted, since in the /7 j-/7 4 system of planes of projection it 
remains an oblique line. 

The projections A 4 , B^ C 4 and D 4 of points A, B, C and D on 
plane /7 4 are obtained by taking the values of z for these points 
from the principal system of planes of projection /7,-/7 2 . 

The second new plane of projection /7 5 is drawn perpendicular 
to plane fl 4 and to line AB. Then AB will be projected onto plane 
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Fig 212 


n 5 as a point A 5 = B 5 , and the projection of line CD onto plane 
n 5 will be line C 5 D 5 . 

The projection on plane /7 5 of the perpendicular to the lines AB 
and CD, by which the shortest distance between these lines is 
determined, will give its true length, since this line is parallel to 
the plane /7 5 and line AB is perpendicular to /7 5 . It follows that the 
right angle between this perpendicular and line when projecting 
CD onto plane I7 A will also be seen as a right angle (see § 13). 

Therefore having drawn from point ^ 5 = £5 a perpendicular, to 
C 5 D 5 we find the segment K$Ls, giving the shortest distance 
between lines AB and CD. To determine the projection of line KL 
in the system of the /7,-/7 2 planes of projection first find point L 4 . 
Then find point L\, and finally point Z - 2 by means of the respective 
projectors. The point K 4 will be found if a perpendicular is drawn 
from L a to A 4 B 4 . The right angle between K 4 L 4 and A 4 B 4 will not be 
distorted when projecting onto /7 4 since line AB is parallel to /7 4 . 
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The projections K\ and K 2 of point K are also found with the help 
of projectors. 

Example 3. It is required to determine the true value of the 
angle formed between the planes of the triangles KMN and LMN 
(Fig. 212). 

The true size of the dihedral angle is given by the angle formed 
by the straight line traces of the planes in a plane perpendicular 
to the edge or line of intersection of these 
given planes or by the orthographic projec¬ 
tion of the dihedral angle onto a plane 
perpendicular to their line of intersection 
(Fig.213). 

In the case, shown in Fig. 212, the line 
MN of intersection of the given planes is an 
oblique line. So it is necessary to transform 
the projection of the angle so that the line 
of intersection is perpendicular to the new 
plane of projection. 

First, project the triangles onto plane /7 4 which is perpendicular 
to plane fl 2 and parallel to the line of intersection MN. The ground 
line s 24 is drawn parallel to the projection Af 2 .V 2 of the line of 
intersection which remains unchanged. To obtain the projection of 
the triangles KMN and LMN on plane /7 4 from points M 2 , N 2 . K 2 
and L 2 draw perpendiculars to line s 24 . On the extension of these 
perpendiculars lay off from s 24 the values of y for points M, N, K 
and L. These distances are the distances of the projections of A/|, 
N 1 , K\ and L\ from ground line Ox. The line of intersection MN of 
the given planes then projects onto fl A in its true value (Af 4 ;V 4 = 
= MN). 

Next, the new plane of projection /7 5 , perpendicular to plane /7 4 
and to MN, is introduced. The ground line s 4 5 of the system of 
planes of projection /7 4 -/7 5 is drawn perpendicular to projection 
M a N a . The edge MN is projected onto plane /7 5 as a point M$ = N$. 
When constructing projections /C 5 and Z -5 of points K and L it is 
borne in mind that the distances of points A/ 5 , N 5 , K 5 and L 3 from 
line s 4 5 are equal to the distances of points Af 2 , N 2 , K 2 and L 2 from 
ground line s 24 , respectively. Points Ks and Z -5 are joined to point 
Ms—N$. The plane angle KsM 5 Ls will be the true dihedral angle 
formed by the given planes KMN and LMN. 

When” planes forming a dihedral are given by their traces the 
procedure for substituting projections in order to obtain the plane 
dihedral angle remains the same. 

Example 4. It is required to determine the angle between 
line AB and plane a given by the triangle CDE (Fig. 214). 

If the line and plane were situated relative to the principal 
planes of projection /7 1 and // 2 in such a way that the line was 
parallel to fl 2 and the plane parallel to fJ u then the angle y 




between them would be projected without distortion onto one of the 
principal planes of projection, in the case shown in Fig. 215, 
onto tl 2 . 

In the example shown in Fig. 214, the line AB and the given 
plane are both oblique. The drawing must be transformed so that, 
in the new system of planes of projection, the line is parallel to one 



Fig. 214 


plane of projection and the plane is parallel to the other plane of 
projection of the new system. 

The first new plane /7 4 is drawn perpendicular to both plane 77 1 
and plane a. The triangle CDE will then be projected onto plane 
fl A as line C A D A E A , and the line AB as line A a B a . 

The second new plane of projection,/7 5 , should be perpendicular 
to fl A and parallel to plane a. Then the plane of triangle CDE will 
be projected onto I7 5 as a true value (C 5 DsE 5 = CDE) , and the line 
AB as AsB 5 . 

Finally, the third new plane /7 6 is drawn perpendicular to plane 
fls and parallel to line AB. The projection of line AB on plane /7 6 
will be a true value {A 6 B S =AB). The projection of triangle CDE 
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will be line C 6 E 6 D 6 parallel to the ground line s 56 of the /7 5 -/7 6 
system of planes of projection. 

As a result of three successive substitutions of planes of projec¬ 
tion, i. e., n 2 by /7 4 , /7, by /7 5 , by fJ 6 we obtain the /7 5 -/7 6 system 
in which the projections of the line and plane are those shown in 
Fig. 215. The angle \ contained between lines A 6 B 6 and C 6 E 6 D 6 is 
the true size of the angle formed by 
line AB and the plane of triangle CDE 
(Fig. 214). 

Example 5. It is required to 
construct the projection of a sphere the 
surface of which must contain points 
A, B, D, F, not situated in one plane 
(Fig. 216). 

It can be seen that the given points 
A, B, D, F in reality are not contained in 
one plane. The auxiliary line DK , drawn 
so that its frontal projection D 2 K 2 passes 
through projection F 2 of point F in space. 

However, this line does not pass through 
point F, since F 1 does not lie on D\K\. 

It follows that point F is not contained 
in the plane of triangle ABD. 

The centre of the sphere passing Fig. 216 

through the four given points A, B, D 
and F may be found as follows (Fig. 217): . 

1) construct in plane ABD a circle with its centre in point M, pass¬ 
ing through points A, B and D\ 2) in plane ABF construct a circle 
with its centre in point A', passing through point A, B and / , 
3) through points M and N draw lines respectively perpendicular 
to planes ABD and ABF. The intersection of these perpendiculars 
will determine the centre C of the sphere and the distance from 
point C to any of the given points A, B, D, F will be the radius of 

the sphere. 

a 


0 


Fig. 215 Fig. 217 
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Let us now construct the multiview drawing (Fig. 218). First, 
the / 7 ,-/ 7 2 system of planes of projection is substituted by the 
/ 7 2 -/ 7 4 system in which the new plane of projection n A is parallel 
to the line AB in which the planes ABD and ABF intersect, i. e., 
parallel to the edge of the dihedral angle. The ground line s 2 \ is 
therefore drawn parallel to the projection A 2 B 2 of this edge. The 
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projection of AB on plane U 4 is a true value (A 4 B 4 = AB). Having 
found D a and F 4 we next find the projection of the dihedral planes 
on n A . 

Further, we project the planes forming the angle onto plane 
/7 5 in the /7 4 -/7 5 system. The plane /7 5 is drawn perpendicular to 
AB, i. e., the ground line s 45 is perpendicular to A 4 B 4 . The edge AB 
is projected onto plane /7 5 as point A$ = B 5 . The projection of 
triangle ABD is line A 5 D 5 , and that of triangle ABF line A 5 F 5 . 

Angle D 5 A 5 F 5 gives the true dihedral angle of planes ABD and 
ABF. 

The other two new planes of projection, 77 6 and FIt, are to be 
perpendicular to plane tl 5 . They are also to be parallel to the planes 
of triangles ABD and ABF, respectively. So ground line S 56 is drawn 
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of the circles passing, 
two triangles in these 


parallel to A S D S and ground line Ssr parallel to 

ABD is projected onto plane /7 6 in true size (AeB 6 D 6 ABU), an 

triangle ABD is also projected onto plane /7 ? in its true size 

( A 7 B 7 F 7 = ABF ). 1 a* a k, 

Next, determine the centres Me and A 7 

respectively, through the vertices of the 
projections. To do this draw perpendi¬ 
culars to the midpoints of the sides 
of the triangles. These circles so 
constructed are the projections of 
sections of the required sphere when 
it is cut by the planes of triangles 
ABD and ABF. 

The projection C 5 of the centre G 
of the sphere on plane fJ 5 is found 
by drawing a perpendicular to ground 
line s 56 through point Me and a 
perpendicular to ground line s 5 ? 
through point Nj to meet in C 5 . 

By means of reverse projections 
find C 4 , C 2 and C! which are the 
projections of point C on planes /7 4 , 
n 2 and fl\. Point C 4 lies at a distance 
from line s 4 s equal to the distance of 
projection Me from line $56. which is 
the same as the distance of N 7 from 
s 57 . It should be recalled that points 
projections Ce and C 7 of centre C. 

1 ' - r 1 j __: ~ ~^ 1 r-v 



Fid. 219 

Me and N 7 coincide with 


Having found the principal projections C\ and C 2 of the centre 
of the sphere jo?n them by a straight line with the corresponding 
projections on J /7, and /7, of any of the four B-ven pomts. for 
example, with point B, and, by constructing a ngh triangle 

determine the true length CB. which is equal to the radius 

' ° Wnh S fradiuf ^d'e^fbe circles from points C, and C, These are 
the horizontal and frontal projections of the sphere, the surface of 

profectfons of a detail is carried out by successively substituting 

the planes of projection /7 2 and n, by n « w J >la J5?: the’help of 
nernendicular to /7,, and /7 5 perpendicular to /7 4 . With the help 01 

fhis P construction the transition from an orthographic multiview 

drawing to the axonometric representation of the detail and its 

cut-out on plane /7 5 is achieved. 
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Problems and Exercises 


1. Does a change in the distance of a new plane of projection 
from the projected object have any bearing on the final projection. 

2. How should a new plane of projection be placed so that an 
oblique line is projected onto it in its true length? 

3. In what position must a triangle be situated if its true size 
can be determined by substituting only one plane of projection. 

4 . What transformations must be carried out in order to project 
an oblique line onto a new plane of projection as a point? 

5. How must a new plane of projection be placed in order that 
a plane figure is projected onto it as a straight line? 

6. When can the true value of a dihedral angle be determined 
without distortion by substituting only one of the planes of projec¬ 
tion? 

7. When can the shortest distance between two non-intersecting 
lines be determined by introducing only one new plane of projec- 
t i o n ^ 

8. Determine the true length of an oblique line AB and its 
angles of inclination to planes /7, and f1 2 (Fig. 220). 

9 Draw a perpendicular from a point O to the plane of triangle 

ABC (Fig. 221). ,, , , 

10. Determine the distance between the parallel planes a and 

[U Fig. 222). 

11. Determine the distance from point E to the plane given by 
parallel lines AB and CD (Fig. 223). 

12. Determine the true dimension of the quadrangle ABLD 

(Fig. 224). . , 

13. Determine angles u and p formed by plane a with planes 

of projection II \ and 77 2 (Fig. 222). 

Hint. Angle a may be found in the system 77 r /7 4 if the new 
ground line s M is drawn perpendicular to the traces k\ and m,. 
Angle p is found in the /7 2 -77 5 system with ground line s 24 perpen¬ 
dicular to traces / 2 and n 2 . 

14. From point A' draw a perpendicular to the line of inter¬ 
section of the plane of triangle ABC with plane a given by traces 
k and / (Fig. 225). 

15. Determine the angle formed by the plane of triangle ABC 
with the plane <t (Fig. 225). 

16. Draw a plane at the same distance from both the non¬ 
intersecting lines AB and CD (Fig. 226). 

H i n t. The construction is carried out as follows. Through point 
B draw a line parallel to CD. Then draw a level line in the plane 
of parallelism obtained. This level line enables us to find the new 
system of planes of projection in which the projection of the plane 
of parallelism is a straight line. The required plane will be 
constructed in this same system of planes of projection. 
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Fig. 226 


Fig. 227 


Fig. 228 
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17. Determine the angle between line AB and plane a given 

by the traces k and / (Fig. 227). . . . - OA 

Hint. This problem may be solved as in example 4, § 24, 

^lfT* Determine distance between parallel lines AB and CD 

< F 'fi fn? Both line segments should first be projected onto a new 

plane in their true length. Then, by drawing a 
second supplementary plane perpendicular to 
the lines received, project them as points. The 
distance between these points is the required 
distance. 

19. Construct a bisecting plane between 
planes a and p (Fig. 229). 

Hint. This problem can be solved by 
changing two planes of projection (see 
Fig. 212 and related text). First, the line of 
intersection of the given planes should be 
determined. * 

20. Construct new projections of the three- 
dimensional detail (Fig. 230) on planes 

n 4 ±n . 2 and n 5 ±n A . 

21. Four points not lying in one plane are 
shown in Fig. 231. Construct a cone with one 

of the points as the vertex. The other three points should lie on the 
lateral surface of the cone. 

22. Given a pyramid SABCD (Fig. 232). Determine: a) the 
angle between the base ABCD and face S/IB, b) the altitude of the 
pyramid, c) the shortest distance between edges AD and CB. 

23. Draw a circle through the vertices of any triangle ABC, the 
plane of which is oblique. 

24. On ground line Ox find a point equidistant from traces M 
and A r of a given line AB. (See Figs. 209, 211 and 212 and related 
text.) 



Fig. 232 


§ 25. Method of Revolution 

In accordance with this method the principal system of planes 
of projection /7 r /7 2 remains unchanged while the lines and plane 
figures to be projected are rotated about corresponding axes to posi¬ 
tions in which their projections in the multiview drawings become 
the true views of the lines, figures, etc. 

The axes of revolution are straight lines perpendicular to a plane 
of projection, parallel to it, or contained in a plane of projection. 

Oblique lines are generally not used as axes of rotation since 
they complicate the construction. 

If it becomes necessary in the process of construction to revolve 
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any geometrical element about an oblique axis, the a xi s is first 
brought to some suitable position, after which the necessary 

rotation is carried out. 

§ 26. Revolution about Axes Perpendicular 

to Planes of Projection 

1. Let there be given point A and the axis of revolution! per- 
pendicular to the horizontal plane of projection H, (Fig. 233 a) 
When rotated about axis i point A will describe a circle in a plane 



Deroendicular to axis i. The radius of this circle is equal to the 
distance of point A from axis i. The centre of the circle of revolution 

is therefore contained in the axis of rotation i. The points A. A I are 
the various positions of point A on the circumference as it is rotated 
Since the plane of the circle of revolution of point A » parallel 
to plane 77,. the circle projects on this plane without distortion. 
but P on plane /7 2 it will project as a line, the length of which is 
equal to the diameter of the circle. Moreover, this line is parallel 

t0 g In U the d mulUview drawing (Fig. 233, b) the following elements 
are given: projections ii and i 2 of the axis of revolution i. the 
projection of the circle of revolution of point A and projections C, 
and C 2 of centre C of this circle. The projection C, coincides with 
point i, which is the horizontal projection of the axis of revolution i. 
If point A revolving about axis i has been moved into position A, its 
horizontal projection occupies the position A, on the horizontal 
projection of the circle of rotation. Its frontal_projection is A 2 on the 
frontal projection of the circle. The points A\ and A 2 lie on the 

same perpendicular to the ground line Ox. , . , 

When the axis of revolution i is perpendicular to the frontal 
plane of projection /7 a (Fig. 234), the circle of revolution of point 
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A is contained in a frontal plane parallel to /7 2 and so is projected 
onto plane H 2 as a circle and as a line parallel to ground line Ox 

° nt ?t P foHows' that a circle of revolution of a point is 
nroiected without distortion onto that plane ot 
projection to which the axis of revolution is per¬ 
pendicular. On the other principal plane of pro- 
F jection the circle is pro¬ 

jected as a line parallel 
to the ground line Ox. 




2. Let us consider sonic examples. 

E \ a in pie 1. Revolve point A about the axis / perpendicular to 
plane /7 2 until it coincides with plane /7, (Fig. 235) 

The circle of revolution of the point in this case is contained in 
the frontal plane, therefore it will be projected onto n 2 without 
distortion and onto 77, as a line parallel to ground line Ox. 

Join projection i 2 of the axis of revolution i. with which the 
frontal projection of the centre of the circle of revolution coincides, 
with point A 2 , and with point is as the centre describe a circle 
having its radius r A = A 2 i 2 . This circle cuts ground line Ox in points 

A 2 and A 2 . 

These points are the frontal projections of the two possible 
positions A and A of point .4 when it coincides with plane 77,. The 
horizontal projections .4| and A i of points .4 and A are obtained Jby 
drawing projectors from A 2 and A 2 to intersection with line .4|,4i, 
which is the projection of the circle of revolution on plane 77 1 and 
parallel to ground line Ox. 

Example 2. By rotation about the axis i perpendicular to 
plane 77 1( make point .4 coincide with plane u (Fig. 236). 

Through point A pass the horizontal plane (J in which point A 
moves when revolved about axis i. Plane (5 will cut the given plane 
a along the horizontal NK. 

Point A will coincide with plane a when the arc of the circle, 
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which this point describes, cuts the horizontal NK. So. to obtain 

the horizontal projection of point A _in its position A in plane a 

it is necessary to describe an arc A,A t from the centre i, with a 
radius r A to cit the horizontal projection A',K, of the horizontal A K. 

The frontal projection At of the new position of point A in plane 
n is at the intersection of the projector passing through A\ with the 
frontal projecton V of the horizontal NK. This problem, like 

the previous one, has two solutions. 
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3 The revolution of a straight line about an 
axis intersecting the line is reduced to the revolution of 
one of its points, because a point of intersection of the line with 
the axis of revolution remains stationary and, together with the 
point which is moved, will determine the new position of the lint 
In the drawing (Fig. 237) an oblique line AB is i revo ved about 
the axis i passing through point A perpendicular to plane n x unM 
it becomes parallel to the plane of projection /7 2 . Then the projec 

tion A 2 B 2 on n 2 gives the true length of the line AB. 

Point A remains stationary Its Horizontal projection A x com 

cides with the horizontal projection of line 1 (A\-- })■ T,ie P r ° je £ 
tion >l|fl| is equal in length to the radius of revolution of point B. 

If line AB is to be parallel to plane /7 2 , its horizontal projection 
A\B X must be rotated until it is parallel to ground line Ox. This is 
done by moving point B x through arc B X B X to a new position B x . 
The frontal projection B 2 moves along line B 2 B 2 parallel to ground 
line Ox. Having drawn a projector through B x point B 2 is found at 
the intersection of the projector and line B 2 B 2 . _Point B 2 is the 
frontal projection of point B in its new position B. By joining the 
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points A 2 and B 2 we obtain the frontal projection A 2 B 2 of the given 

line after rotation about axis i. The length of A 2 B 2 is the true length 
of AB. 

4. If the axis of revolution does not intersect a given straight 
line two points of the line are rotated through the same angle 
and in the same direction. 



Fig. 238 



Let line AB be rotated about axis i through an angle a in a 
counter-clockwise direction (Fig. 238). Having_moved point A\ 
through the arc A X A X with radius A x i x to point Ax, and point B x 

through the arc £,£, with radius B x i x to point B x , both moving 
through_one and the same angle a, we find the horizontal projec¬ 
tion A X B\ of J_ine AB after moving through angle a. The frontal 
projection A 2 B 2 is obtained by passing projectors through points 

A\ and B x . These projectors intersect with the lines drawn through 
points A 2 and Bn parallel to ground line Ox. 

In this construction the triangles A x B x i x and A x B x i x are identical, 
since two of their sides and the angle between them remain 

unchanged. 


That is to say A,i,=A,i,, since 

each oi these angles equals 360°- ( a ° + p°). 

Since these triangles 4,8,/, and A x B x i x are equal, their third 
sides are equal, i. e., A X B X =A X B X . 

4 L .. 1 a a • • ^ j - of any line or figure on 

the plane, to which the axis of rotation is perpen- 

d 1 C x l ! • 3 V i a 1 e r f 0 { a * * 0 n remains unchanged. 

1 Ins deduction simplifies the construction of projections of given 
lines revolved about an axis perpendicular to the plane of projec¬ 
tion and not intersecting the given line. F J 
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Such a simplified construction is shown in Fig. 239. The line 
CD when revolved counter-clockwise through an angle a about 
axis i which is perpendicular to plane /7 2 , takes the new position of 

the line CD. From point t 2 a perpendicular to the projection C 2 D 2 is 
drawn. The base K 2 oj_this perpendicular is moved through an angle 

a to point K 2 . Point K 2 is joined to point i 2 by a straight line. Then 

through point K 2 a line at _an angle 90° to 

i 2 K 2 is drawn. From point K 2 on either side 

distances /C 2 C 2 and K 2 D 2 are laid off re¬ 
spectively equal to the lengths K 2 C 2 and K 2 D 2 . 

The line C 2 D 2 then is the projection of CD on 

plane /7 2 in its new position CD._ _ 

The horizontal projections C! and D x of 

points C and D are found with the help of 

projectors drawn through points C 2 and D 2 
to intersect lines _drawn parallel to ground 

line Ox_ through C, and D x . By joining up 

points Ci and D x the horizontal projection of 

CD in its new position CD is obtained. Fig. 240 

5. Revolution about two axes. Fig. 240 illustrates the 
method of bringing an oblique line AB into a position, perpendicular 
to plane /7 2 , by succesive revolutions of this segment about two 
axes respectively perpendicular to the planes of projection Fl\ 

and n 2 - , . . n 

First, we revolve line AB about axis i perpendicular to plane // 2 _; 

it also passes through point A. Line AB is brought into position AB 

parallel to plane Fl x . The frontal projection A 2 B 2 will be parallel to 

ground line Ox and the horizontal projection A X B\ gives the true 

length of AB. 

The second axis of rotation i' is drawn through point A perpen¬ 
dicular to plane //The line is rotated about this axis until jt 

becomes perpendicular to plane fl 2 . The horizontal projection A\B\ 
will then be perpendicular to ground line Ox and the frontal projec¬ 
tion A 2 "B 2 becomes a point. 

6. Let us consider some examples. 

Example 1. It is required to construct a straight line AB 
inclined at angles a and p to planes n x and /7 2 . 

If line KL, making an angle a with plane /7, (Fig. 241), revolves 
about an axis i, perpendicular to plane f7 x and passing through 
point K, point L will move along a circlejying in plane /7, and the 

line KL in each new position ( KL\ KL\ KL\ KL and so on) will form 
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one and the same angle a with plane /7,. The surface formed by 
rotation of the line is a conical surface. 

If point K remains stationary and line KL is made to form an 
angle p with plane 77 2 , after which it is revolved about the axis 
passing through point K and perpendicular to plane /7 2 , then point 
L will describe another circle, this time in the frontal plane, and 
the movement of line KL will describe a new conical surface. 



• 

t 


1 

L 

1 




Fig. 241 



Fig. 242 


All points of each of the two circles are at one and the same 
distance KL from point K. Therefore both circles will lie on the 
surface of a sphere, the centre of which coincides with point K and 
the radius of which is equal to the length of line KL. 

Let the circles intersect in some point L n (Fig. 242). Then line 
KL„ will be common to both the first and second cones and so form 
angle u with plane /7, and angle p with plane /7 2 . 

These considerations enable the following construction to be 
carried out in the multiview drawing (Fig. 243). 

Draw the projections A\B\ and A 2 B 2 of the frontal line AB at an 
angle a to plane F7\. Through point A pass the axis i perpendicular 
to plane /7 1; Revolve the line AB about this axis. Point B will 
describe a circle with radius /4|5i, since when rotated about axis 
i line AB forms a conical surface with its vertex at point A. 

Further, leaving point A stationary, draw the horizontal AB 
equal in length to AB and making an angle p with plane fJ 2 . The 

horizontal projection A X B of line AB is equal in length to AB and 
makes an angle p with ground line Ox. 

Through point A draw the second axis of revolution perpen¬ 
dicular to plane 77 2 . Revolve line AB about this axis. The point B 
in the frontal plane, parallel to 77^ will describe a circle with 

radius A 2 B 2 . The movement of line AB generates the second conical 
surface with its vertex at the same point .4. 

The circles of radii A\B\ and A 2 B 2 will intersect in points B and 

B. Joining up these points with point A by lines AB and AB we 
obtain the two positions of line AB forming angles a and p with 
planes 77 \ and [J 2 as was required. 


136 


The lines, symmetrical to the lines constructed, AB and AB, with 
respect to the frontal plane passing through point A, will also lorm 
angles a and P with planes /7 t and fl 2 . These lines may be obtained 

if both nappes of one of the cones are constructed 

It follows that, as a rule, this problem has four solutions. 11 
the circles do not intersect but touch, the problem has only one 
solution. The required line will then be a profile line. In general the 




problem may be solved only in the case when the sum of the angles 
a and p is less than 90°, which corresponds to the possible 
positions of a line in space in relation to planes /7, and /7 2 . 

Example 2. It is required to draw through point A a line 

in plane a at an angle a to plane/7 2 (Fig. 244). 

The problem is solved by constructing a conical surface with 
its vertex in point A and the generatrix AB in its first position 
parallel to plane /7j and forming an angle a with plane /7 2 , point 
B being contained in plane /7 2 . 

Through point A draw the axis of revolution i perpendicular to 
plane f1 2 . Then revolve line AB about this axis. The point B will 
describe a circle in plane fl 2 and the line AB will generate a conical 
surface. The circle with a radius A 2 B 2 intersects the frontal trace l 2 
of plane a in points B and B. Joining these points with point /I we 
find in this case two possible solutions. The lines AB and AB are 
situated in plane a and make an angle a with plane /7 2 . 

If the circle which has been constructed merely touches trace 
/ 2 , the problem has one solution and in that case line AB and plane 
a have one and the same angle of inclination a to the plane of 
projection fl 2 . 
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When the circle and the trace l 2 have no common points it 
becomes impossible to draw in plane a a line inclined at angle a 
to plane IJ 2 . 

Example 3. By rotation about axis i which is perpendicular 
to plane /7j, make the given line AB coincide with plane a 
(Fig. 245). 

Having found the piercing point K of line AB with plane a 



through it draw the axis i per¬ 
pendicular to plane 77,. Rotate 
about this axis one of the extreme 
points of AB, for example point 
A, until it coincides with plane a. 
This operation is carried out 



with the help of the horizontal AN drawn in plane a through point 
A (see Fig. 236). 

Having found the position A of_point ,4,_when it coincides with 

plane a, join point K with point A. Line AK is that part of line 
AB which has been rotated to coincide with plane a. 

The position B of the point B of the line, when it has been made 
_to coincide with a, may be constructed by extending the projection 
A 2 K 2 beyond point K 2 to intersect a line drawn through point B 2 
parallel to ground line Ox. The point B 2 is the frontal projection 
of the point B after rotation. Then with the help of a projector find 
the point B x on the extension of projection A\K\. 


7. The revolution of a plane about an axis 
perpendicular to the plane of projection is 
performed by rotating the points and lines by which the plane is 
given through one and the same angle and in the same direction. 
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It is required to revolve the plane of triangle ABC into a posi- 
tiQ Zr Ire projected 

r^nen Fi^noTTtoXe'in'the tnangle7BC draw any 

r P “.™ «*» *•«* r tal „ B ii riTi u s, 

wtn%"thro P ugh the same angle as the project,on 

B lKl of the horizontal was moved, will occupy the pos.t.on 

The triangle A\B\C\ is equal to triangle A\B\Q. 

To obtain the frontal projections M and ^" ^^sectlhemby 
through Ao and C 2 draw lines paralld to Ox,_and intersect xne 

projectors passing through points A , and C,. By joining pom 
A Bo and Co line A 2 B 2 C 2 is obtained. This is the frontali trace 

pr 2 ojfction of 2 the ne g iven 2 triangle plane when turned until ,t «* 
perpendicular to the frontal plane of projection n 2 
The angle a formed by the trace-projection 
line Ox determines the true value of inclination of triangle 

to the horizontal plane of projection //i- 

„ revolvinB t one P ioMuVacesTd". pL'.T.te K£|1f£ 

3 a fs*!!3.-rts sp-STt 

The revolution of the horizontal trace into position *i » s ca ”*ed 

ground line Ox in point the point of convergence of traces of 

plane a in its new position a. ■ ■ 

tu„ ovic nf rotation i as can be seen from the drawing, 
contained in plane /7 2 and intersects trace l 2 in point A. This point 
“is located on the axis of rotation i and so remains stationary. By 
joining the fron?al projection A, of point 4 with point X we 
find the new frontal trace h of plane a after it has been revolved 
about axis i through angle p. 

In Fig 248 the axis i about which plane a is revolved into the 
position a, is perpendicular to plane 17, but is not contained in 
plane /7 2 . The position of the new frontal trace l 2 is determined by 
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the point of convergence X~ obtained after turning trace k { through 

the given angle and by the new frontal trace N of the auxiliary 
horizontal LN , drawn at any suitably altitude in plane a. This 

horizontal is revolved into position LN with the help of point L in 
the same way as the trace was turned using point K\. The new 

frontal trace / 2 does not pass through the point in which the trace 
/ 2 intersects projection t 2 of the axis of revolution i. 



Fig. 247 Fig. 248 

9. The following examples of the transformation of projections 
based on the principle of the revolution of planes are given. 

Example 1. It is required to determine the inclination of an 
oblique plane a to the frontal plane of projection /7 2 (Fig. 249). 

Plane a can be converted into a horizontal-projecting plane by 
revolving it about axis / perpendicular to pjane /7 2 and contained 

in plane fh. To construct the frontal trace / 2 from point t 2 draw a 
perpendicular / 2 /C 2 to / 2 and revolve it till it coincides with ground 

line Ox. Through point /\ 2 = A'~ draw the trace / 2 perpendicular to 

Ox. Through points X~ and A\ draw the horizontal trace k\. 



Fig 249 Fig. 250 
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therefore the angle (5 between trace and ground line Ox is the 

reauired angle of inclination of plane a to 11 2 - 
^Example 2. It is required to determine the distance between 

thp narallel oblique planes a and p (Fig. 250). 

h Convert both planes into frontal-projecting planes by revoking 
them about the axis i which is perpendicular to plane /7i and lung 
In pUne £ (see example 1). The planes a and P after the revolution 

are perpendicular to plane FI 2 . 7 

The distance h between their 

new frontal traces I 2 and /i 2 is the 

required distance. 

Example 3. It is required 

to revolve plane a about the axis 
i perpendicular to plane Fl\ so * 
that it passes through point A 

(Fig. 251). J . 

In plane a, at the altitude of 

point A, draw the horizontal NL 
and revolve it about axis t until 
it passes through point A. Point 
L, which is the foot of the per¬ 
pendicular drawn from <1 to 

s... 

P ° S The n “rental trace fc will pass through X* I. e.. the point of 
convergence of the traces, and through the frontal trace N of the 

h0r Th 0 "s ta probkm has two solutions because through point A, two 

tan | e x nt r P le ""’a KSS - FS ^ SUe 3 triang ’ e 

ARC contained in an oblique plane (1 ig. • . \ n Aor 

This nroblem is solved by successive revolutions of triangle ABC 

about two axes respectively perpendicular to the planes of projec- 

ti0 Bv m?a d nfof the first revolution about axis / perpendicular to 
plane /7 2 , passing through vertex A, triangle ABC is brought into 

a position ABC so that it becomes perpendicular to plane "1 (see 
Fig. 246). The projection of axis i is not shown in Fig. 2o2. The 
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frontal AK is drawn in the plane of the triangle and then rotated 
about axis i until it_becomes perpendicular toj>lane U\. 

The triangle ABC is brought into position ABC parallel to plane 
/7 2 by revolving it about axis i' perpendicular to plane I7i. This axis 

passes through point C. The projection_of axis t' is not shown in 
the drawing. The horizontal projection AB\C X is parallel to ground 
line Ox, and the frontal projection A 2 B 2 C 2 is a true view of the 
given triangle ABC. 



*1 


The first revolution about the axis i is sufficient to determine 
the angle of inclination (3 of triangle ABC plane to the frontal 
plane of projection fl 2 . 


Problems and Exercises 

1. In what plane does a point move when it is revolved about 
an axis a) perpendicular to plane Fl\, b) perpendicular to plane /7 2 ? 

2. To which plane of projection should the axis of revolution be 
perpendicular in order to revolve an oblique line a) into a 
horizontal position, b) into a frontal position? 

3. What revolutions about axes perpendicular to the planes of 
projection are required to bring an oblique line into a vertical 
position? 

4. How can an oblique plane, given as a triangle, be rotated so 
as to be perpendicular a) to plane IJ\, b) to plane tl 2 ? 

5. The same as (4) when the plane is given by its traces. 

6. Revolve a point A through 60° in a clockwise direction about 
an axis i perpendicular to plane /7, (Fig. 253). 

7. Make point A coincide with the plane of triangle BCD by 
rotating it about an axis i perpendicular to plane 77 1 (Fig. 254). 
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Hint. In plane BCD draw an auxiliary horizontal at the 

alti 8 Ud Brins°poin1'B into a position so that it lies at 10 mm from 
plane a (Fig ? 255) using the method of rotation about an axis 

PerP mnt. U 'First, a’plane p should be drawn' parallel to plane a at 
a dl | ta "“ e °^ 1 i ° e m t r ^ e fr °n gle p formed by line AB and plane n 2 

<F '?6. 2 R 6 otate line AB until it becomes perpendicular to plane /7i 

*Hint First line AB should be converted into a frontal by 
turning it about’an axis perpendicular to plane 77,. Then, it shou 

be revolved about an axis perpendicular to plane 11 2 . 

11 . Draw a line AB in plane a to form an agle of 45 with 11 

Point A is given (Fig. 258). (See Fig. 244 and text.) . , v 

12. By means of rotation determine the distance from point K 

to line AB (Fig. 259). 

Hint. Two successive revolutions of the line and the Pomt 
about axes perpendicular to the planes of projection should be 
carried out so as to make the line perpendicular to one of the planes 
of projection. The line AB will then be projected as a point. The 
distance between this point and the new projection of point A will 

be the required distance. , rnF 

13 . Revolve line AB until it lies in the plane of triangle CUE 

(Fig. 260). (See Fig. 245 and text.) 

14 Revolve line AB until it is parallel to the plane of triangle 

CDE (Fig. 260). 

H i n t. This problem may be solved in the same way as the 
previous one. However, the line AB should be made to coincide 

with a plane drawn parallel to the given plane CDE. 

15 Revolve the oblique line AB about an axis i perpendicular 
to plane 7/, so that its projection A X B X becomes parallel to the 
projection K\L X of a line KL contained in plane 77, 

16 Construct a line AB so that the angles it makes with 
planes /7, and /7 2 are a = 45° and {5 = 30°, respectively. (See 

~V7. Determine the true size of the pentagon ABODE (Fig. 261). 
18 Rotate the plane a so that it becomes a frontal projecting 

plane (Fig. 262). 

Hint. Revolve the plane about an axis perpendicular to 77, 
(compare with Fig. 249). 

19. Determine the distance between the parallel planes a ana 
(3 (Fig. 263). 

20. Revolve a triangle ABC which is part of an oblique plane 
so that it becomes parallel to plane 77 2 . 
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§ 27. Revolution about Axes Parallel 
to Planes of Projection 

1 . An oblique line AB is shown in Fig. 264. Let a line i be drawn 
parallel to plane /7, intersecting line AB in point K. Assuming line 
i to be the axis of revolution let lin eAB be rotated until it becomes 

parallel to plane 77,. — 

After the line has assumed its new position AB its frontal 
projection A 2 B 2 will merge with the frontal pjoj_ection i 2 of the axis 
of revolution i and its horizontal projection A X B X will give the true 
length of AB. 

The construction of the horizontal 

projection A X B X after the line has been 
turned is carried out as follows. The 
points A and B are revolved about 
axis i and they move in horizontal- 
projecting planes a and p perpendi¬ 
cular to the axis of revolution /. It_fol- 

lows, that the projection A\ and £, of 
the extremes of line AB in its new 

position ~AB will lie on the traces a, 
and p, perpendicular to the projection 

A\B\. When line AB is in a horizontal 
position the radii of revolution of 
points A and B will be projected onto 
plane 77, in their true length. The true 

length of the radius r A for point A is . , ff 

found with the help of a right triangle. The radius r A is laid off irom 
point Ci, which is the horizontal projection of the centre of revolu¬ 
tion C for point A. Point A\ lies on trace a,. 

Point A) is joined by a line with the projection A, of the 
stationary point K in which axis i intersects line AB In this way 
the horizontal projection of line AB _after rotation about axis i is 

obtained. The horizontal projection £, of point B lies atjlie inter¬ 
section of projection A,/C, with trace p,. The projection gives 
the true length of line AB. 

2. The construction of the true view of a plane 
figure by revolution about an axis parallel to a 
plane of projection is shown in the multiview drawing 
(Fig. 265). By rotation about axis i, which is parallel to plane /7,, 
the triangle ABC is brought to a position parallel to plane 77 lf on 

which it is then projected in _its true size (AA,BjC, = AABC ). 

The frontal projection A 2 B 2 C 2 of triangle ABC after revolution 
merges with the frontal projection of axis /. 
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Fig. 264 
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In order to construct triangle A X B X C { a perpendicular to the 
projection t, of the axis of revolution is drawn. Then the true 
dimension of radius r B is determined by turning point B. To do 
this the right triangle method is employed. The distance r B is 

marked off on the perpendicular. Point B { obtained in this way is 
the projection of the vertex B of the original triangle when it 
becomes parallel to plane TJ\. 
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Point C,, which is the horizontal projection of vertex C of the 
triangle ABC when it is_parallel to plane /7 Jt is found by drawing 
a line through points B\ and K\ to intersect the perpendicular 

drawn from C\ to i\. . . 

The vertex A of the triangle remains stationary since it is a 
point on the axis of_ revolution. Its projection A\ is joined with 
projections Bj_ and C, by straightjines. This gives the horizontal 

projection A,B,C, of triangle ABC when it is parallel to plane /7j. 

Example. Determine the distance between the parallel lines 
AB and CD (Fig. 266). 

Draw the horizontal KL of the plane determined by the lines 
AB and CD. About this horizontal lines AB and CD should be 
rotated so that_t_hey become parallel to plane fl x . 

Projection A { of point A is found by determining the radius r A - 
A straight line is drawn through Aj and K\. This is the horizontal 
projection of line AB after rotation. Then, through projection L i of 

the stationary point L a second line is drawn parallel to line A iKi- 
The distance / between these lines gives the true distance at which 
AB lies from CD. 





§ 28. The Method of Coincidence 

1 The method of coincidence is a particular 
case of the method of revolution. It is used to bring 
geometrical elements, points, lines and planes into coincidence 
with one of the planes of projection by means of revolution about 
an axis contained in that plane of projection. 

A, 




Fig. 268 

In the drawing (Fig. 267) it is seen that point A is brought into 
coincidence with fhe horizontal plane of projection /7, by revolving 

it about axis i contained in that plane. Point A is Position of 
ooint A in /7, and it lies on a perpendicular drawn from 4 1 to 
Hs distance from axis i is equal to the radius of revolution ta of 
Dointi The radius r A is obtained by the right-triangle method 
The frontal projection A 2 of A after it has been made to coincide 
with ri\ is located on the ground line Ox. 

2. The method of bringing a plane g ive ". 
into coincidence with p ane /7i is shown in Fig. 268. ine Horizontal 

?lce of this pfane selves as the axis of revolution. By rotation 
about the axis* triangle MBM' is made to he in plane /7,. When 
carrying 6 out‘this construction only the vertex B has to be brought 
into coincidence with 77,. since the vertices M and M are them 

selves contained in plane 77,. Having found point Bl J“" 1 b V 
straight lines to M, and Alj^This gives triangle M±B\M , which 
coincides with 77,. Triangle ABC is part of triangle M,B,M To find 
this triangle it is sufficient to draw from points A\ and C, lines A ,*1 
and C,C, perpendicular to the projection k x oj the axis of rotation. 
These lines intersect the sides M\B\ and M\B\ of triangle M\B\M , 
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which has been brought into coincidence wih n x \_ points and 
C, obtained are then joined by the straight line 

3. The construction required in order to bring planes giveri by 
traces into coincidence with the plane of projection is shown 
in Figs. 269 and 270. 




In Fig. 269 the plane a is made to coincide with plane /7j by 

revolving it about the horizontal trace k\. 

To construct the frontal trace l 2 of plane a, which coincides with 
plane /7,. it is sufficient to make one of its points coincide with ll t, 

for example point K. The other point through which trace l 2 will 
pass is X a , the point of convergence of the traces k , and / 2 . ine 

projection Kijyill move when the point K is revolved and moves 

along line K\K\ perpendicular to the axis oi revolution k\. 

The position of point K when made to coincide with plane U , 

is TCj. This point lies at a distance from C, equal to the radius of 
revolution tk of point K. The radius itself is found by the right 

triangle method. _ 

Point K\ is then joined with point X x of line / 2 which is the 

frontal trace of plane a when it coincides with /7,. 

In Fig. 270 the point K\ on the frontal trace of plane a after 
being brought into coincidence with 17 1 has been found by another 

method. The distances from point X a to points K 2 and K\ are equal, 
since they represent true values of one and the same segment. 
Therefore'from point K\ a perpendicular to the horizontal tra_ce k x 

of plane a is drawn. This perpendicular is then cut in point K\ by 
an arc of radius r = X a K 2 with point X a as its centre. 

Such a simplified construction is possible only when the traces 
of the given planes intersect on the ground line Ox within the 
limits of the drawing. 
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4. In order to bring the frontal trace l 2 of plane a which is 
parallel to ground line Ox into coincidence with plane 77, 
(Fig 271) a point A is taken on trace l 2 and brought into 
coincidence with plane /7, by the right triangle method. In the 

new position of the plane trace l 2 is parallel to trace k\ and passes 



Fig. 271 Fi S- 212 


5. A point contained in a given plane may be brought into 
coincidence with a plane of projection with the help of an auxiliary 
line drawn in the given plane through the point. A horizontal or 
frontal is generally chosen as the auxiliary line^ , 

The construction required to bring point A contained in plane 

a into coincidence with plane /7 ( is shown in Fig. 272. 

Through point A in plane a the horizontal AN is drawn The 
frontal trace AMV 2 of this horizontal is made to coincide with plane 
/7,. Through point A', and point of convergence of traces A a the 
trace 7 2 ofjAane a, when it coincides_with /7,, is drawn. The 
horizontal /V,A, is drawn through point ;V, parallel to *, This line 

is coincident with 77,. Point A, lies on this line at its intersection 
with the perpendicular drawn from A, to k x or, what is the same 

thi *TTiis construction could be carried out by using a frontal lying 
in plane a, as shown in Fig. 273. . 

The same number of graphical operations is required to 

determine point A, by the methods, shown in Figs. 272 and 273 
Nevertheless when bringing several points into coincidence with 
plane /7j it is advisable to use a frontal as the auxiliary line, 
because after the first point has been determined in its coincided 
position, the rest of the construction requires less graphical work 
and is simpler than when a horizontal is used (see Fig. 273) . 

It also follows that, when bringing a number of points of a 
given plane into coincidence with the frontal plane of projection 
n 2 , it is better to use a horizontal of the plane as the auxiliary. 
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6. The method of coincidence is very convenient when construct¬ 
ing a figure of given dimensions and form in an oblique plane. The 
given plane may be brought into coincidence with one of the planes 
of projection F7 X or /7 2 . The required figure is then constructed as 
a true view coinciding with the plane of projection. The given plane 
with the figure on it is returned to its original position. This gives 
the projections of the figure 
on 17] and 77 2 . Such an opera¬ 
tion is called the restoration 
of points to the plane. 

It is required to construct 
in plane a a regular hexagon 
with sides equal in length to 
line h (Fig. 274). 



M, ft,III 


Fig. 273 



After making plane a coincide with /7 2 with the help of point K 
taken on trace k\ _on plane a in its new position construct the 

regular hexagon .4 2 /3 2 C 2 D 2 Z: 2 F 2 with its sides equal in length to h. 

After this, with the help of horizontal in the coincided plane a 

drawn parallel to the horizontal trace k\ of the plane and passing 
through the vertices of the hexagon we construct the frontal projec¬ 
tion A 2 B 2 C 2 D 2 E 2 F 2 and the horizontal projection A\B]C]D]E]F] of 
the figure. The construction of the frontal and horizontal proje£- 
tions of one vertex, say point A, is as follows. Through point A 2 

parallel to trace k { draw the horizontal A 2 A' 2 coincided with 17 2 . 
Through .V 2 draw its frontal projection A ; 2 /4 2 parallel to ground line 
Ox. The projection /1 2 of point A is found bypassing a perpendicular 

from /1 2 to trace / 2 and extending it to intersect the frontal projec¬ 
tion of the horizontal. Once .'V 2 has been found, the projection A'j 
may be determined. Then through N\ the horizontal projection of 
the horizontal is drawn and on it, with the help of a projector, the 
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horizontal projection A x of point A is determined. The other five 
vertices of the hexagon ABCDEF are found in a similar way. 

The horizontal and frontal projections of a hexagon situated in 
plane a are found by joining the corresponding points by straight 

lines. 


7. Construct in plane a a 
circle of a radius r—17 mm 
with its centre at point C 
(Fig. 275). 

A horizontal CN is drawn 
in plane a through point C. 
The frontal trace N of this 
horizontal is then made to 
coincide with plane I7\. After 
that through points Xa_and 

N 2 the frontal trace l 2 of 
plane a coinciding_with n 2 . 

is drawn. Through N 2 parallel 
to k\ a horizontal in coinci¬ 
dence with 77, is drawn. 
Next, from point C\ a perpen¬ 
dicular is dropped to trace k\ 
of plane a to intersect this 
coincided horizontal in point 
C,. From point C\ as the 
centre, a circle of radius r 
is described. Two pairs 
of mutually^ _perpendicular 

diajmetejs^ A\B\1.D\E\ and 
KiLilRiFi, are drawn, dia¬ 
meter A { B\ being parallel to 



Fig. 275 


trace fci and diameter K\L\ 

Par |iiKe'diameter AB of the circle is parallel to plane n, it will 
be projected onto /7, in its true length. Therefore A,B, 

— 1 ) jc the maior axis of the ellipse which is the projection of 

7he drele on /7,. The diameter KL parallel to plane /7, determines 
the Dosition and length of the major axis of the ellipse which is the 
rental oroVcUon of the circle. The minor axes of these ellipses are 
perpendicular to the major axes and are determined by the projec¬ 
tions of the diameters DE and RF. 

After restoration of points of the circle from the coincided 
Dosition to plane a points A, and B, will lie on the horizontal 
projection of the horizontal CN. each at a distance equal to radius 
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r from point C x . Points K 2 and L 2 will lie on the frontal projection 
of the frontal drawn through point C 2 , also at a distance equal to 
radius r from point C 2 . 

Projections A X B X and K 2 L 2 are equal in length to diameter of 
the circle. The projections of the diameters DE and RF on planes 
/7, and /7 2 will be perpendicular to the corresponding projections 
of diameters AB and KL, namely, D X E X LA X B X and R 2 F 2 .LK 2 L 2 . 

To find the projection D X E X , which is the minor axis of the 
ellipse in plane fl x , it is sufficient to construct the horizontal 
projection of only one extreme point such as D of the diameter DE. 
The length of the minor axis of the ellipse in plane fl 2 may be 
determined by restoring to plane a one of the ends of the diameter 
RF. for example point R, from the coincided position. _ 

Point D, may be found with the help of frontal DM, D X M X being 
parallel to / 2 . Point E x is obtained by marking distance C X D X on 
the minor axis D X E X but on the opposite side of major axis A X B X . 

The point R 2 in plane /7 2 is constructed with the help of the 
horizontal RX. Point F 2 lies on the opposite side of the major axis 
of ellipse K 2 L 2 at the same distance from point C 2 as the point R 2 . 

Once the axes have been found the ellipses, which are the 
complete horizontal and frontal projections of a circle of radius r 
contained in plane u, may be drawn. 


§ 29. Revolution with Parallel Transfer 

of Projections 

Sometimes the views obtained by revolving projections about 
axes perpendicular to planes of projection are found to lie one on 
top of the other. This can be avoided by applying another 
method (see Fig. 270). In this drawing by means of two successive 
revolutions about axes respectively perpendicular to planes of 
projection //1 and /7 2 . the plane of triangle ABC is made to lie 
parallel to the horizontal plane of projection fl x . 

1 he triangle is brought into the position ABC perpendicular to 
pl me n 2 by the first revolution. The construction is carried out 
with the help of the horizontal CF which is rotated about an axis 
perpendicular to plane n x until it is perpendicular to the frontal 
plane of projection /7 2 . 

It is convenient to shift the horizontal projection 7\ X B X C X to the 
right side of the drawing where there is space. This corresponds to 
rotating it about an axis perpendicular to the plane of projection 
l!\ and changes neither its form nor size. 

The frontal projection A 2 B 2 C 2 is then obtained in the usual way, 

! l *-» ^ roni P°' n ts .4 1 , B 1 , Cj projectors are drawn perpendicular to 
g'ound line Ox to intersect the corresponding lines drawn through 



points A t . B,. C 2 parallel to ground line O* The points A,. B 2 and 

r arP then joined by the straight line A 2 B 2 L 2 . . 

2 By means of a second revolution about an axis perpendicular 

to plane /7 2 the triangle ABC is broughtjo the. position ABC 

parallel to plane 77,. The frontal projection A 2 B 2 C 2 is then parallel 

* I 1!_/T 4/ 



. • H c r shifted bv a parallel transfer to a 

ssr^saciss*»«»' - ^ rr ““s 

give points A,. 3, and C„ Triangle d.B.C, is a true 
triangle ABC. 

§ 30. Combined Transformations of Projections 

So far we have examined the revolution of vanou^geometrical 
elements about axes perpendicular or para n parallel to 

of projection. }he roWwntoj* «"»*^ ^tn was carried out not 
plane /7, or plane II 2 . M ? rc °\ er ’ V" .... lo t | lc one particular posi- 

t r a" zstp 







revolve a geometrical element through a given angle about an axis 
in such a position we find the projection of the element in the 
system of principal planes of projection 77 r /7 2 . 

Let us consider some examples. 

Example 1. It is required to revolve point A about axis MN 

parallel to plane 77 1 through 
angle a=90° in a counter-clock¬ 
wise direction (Fig. 277). 

First, the plane of projection 
n 2 for fl 4 is changed so that 
the axis of revolution is projected 
onto plane 77 4 as a point. To 
ensure this plane /7 4 is drawn 
perpendicular to both line MN 
and plane 77,. This is possible 
since MN is parallel to /7j. The 
axis MN is projected onto plane 
n A as point M 4 ^N A , and point 
A as point A a . 

We then revolve point A 
through the given angle a in 
the system of planes of projec¬ 
tion /7 r /7 4 . The projection A 4 will 
move into position A a and the 
projection ^4 1 into position 

A\. This is indicated by 
arrows. 

Then we find the pro¬ 
jection A 2 by drawing 

through A\ a projector per¬ 
pendicular to ground line 
Ox and laying off on it up¬ 
wards from Ox the value 
S<*» of z for point A. 
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clockwise (Fig. 278). nlanes of projection 77j and fl 2 

By successive subst.tut.on oHteplanM o ^ J ^ of t axis 0 

by the planes W* and 5 contained in the system of planes of 
revolution ^ into a point -tamed m th this 

system of planes of proj^tiom^ , ine AB a bout axis MNlIls 

Having done tha - projections on 77s 

th Tr oHine^B ^en it issued fnto\he retired position la 

-re found by means of reverse 

projections. 

S 31 The Use of Related Conformity 
in Transforming Projections 

" "r' mt 

St?, isn x«»' » ro i- iio , n "" ''' l “" on 

element en th. given pl.ne »' 2 » 5 "'£ ,< ’? 0 ,„ 0 „ UI ,,oleetion C, 

corresponds to point C, »hieh ^J },», n/S* 

rrr-h’t:;,. v. htn, 0 ,.t, 

ry.t*'V -»«• bt 

established. . , • t in related conformity (see 

The following invariants exisi in 

“ F 3) SP E?<* pair"* related lines intersects on a line called the ax,s 
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of alliance or the axis of conformity. Points contained in this axis 
are called duplicate points since they correspond to themselves. 

4) The duplicate point of two related lines parallel to the axis 

of conformity lies at infinity (for example, A\B\ and A\B { ). 

5) For a point contained in a line there is one corresponding 
point contained in any other related line.JFor example, point C\ on 

line AiB { corresponds to point C\ on line A\B\. 

6) Two parallel lines 
in one plane correspond to 
two parallel lines in an¬ 
other plane. 

7) If a part of a line 
in one plane is divided 
into some ratio by a point, 
the part of a line related 
to it in another plane is 
divided in the same ratio 
by the point corresponding 
to the first point. 

2. The use of related 
conformity for the trans¬ 
formation of projections 
allows a considerable 
decrease in the number of 
auxiliary lines in the draw¬ 
ing as compared with the 
more usual constructions. 

For example, it is re- 
Fig. 279 quired to find the true size 

of the pentagon ABODE 
contained in plane a 
(Fig. 279). When constructing this pentagon, after it has been made 
to coincide with plane f7\, we shall use the properties of related 
conformity. 

Vertex A of the pentagon is made to coincide with plane fl\ by 
revolution about trace k\ of plane a. This is done in the usual way, 
i. e.. with the help of right triangle S,/Mo. the true size of the 
radius of revolution r A of point A is determined. This length is 

laid off from point 5, on the perpendicular to k\. We then obtain A ]t 

that is the position of point A when it has been made to coincide 
with plane /7,. 

Having assumed trace k\ as the axis of conformity of the figure 
a \B\C\D ] E ] to be transformed into the related figure A{B l C l D l E l 
in coincidence with plane /7j and assuming that point A\ corres- 
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ponds to point A,, the subsequent construction is carried out by 

using related conformities. ...... 

Extend line A X B X to intersect the axi£ of conformity k x in the 

duplicate point M,. Join M x with point A , by line 4iM, which is 
related to line A X M X . Draw a perpendicular from B x to k u i. e.. in 
the direction of conformity of B X B X . Jhe intersection of this perpen¬ 
dicular with line A X M X gives point B x related to point B x . 

Point £i related to point E x is constjmded in a similar manner 
with the help of line i4|A1'' and the line A x M'i related to it. Point £i 
is found at the intersection of a perpendicular drawn form £, to/?, 

with line A X M'^. __ _ 

By similar constructions points D x and C\ are also found. The 

pentagon A X B X C X D X E X constructed in this way is related to pentagon 
A\B\C\D\E\ and is the pentagon ABCDE when it is brought into 

coincidence with plane 77 1 . 


Problems and Exercises 


1. In what type of projecting plane does a point move when 

it is revolved about a) a horizontal, b) a frontal? 

2 Describe the procedure for constructing a multiview drawing 
of a point made to coincide with the frontal plane of projection by 

revolving it about a line contained in plane il 2 . 

3. What line should be taken as the axis to revolve a plane 

figure: a) into plane /7,. b) into plane/7 2 ? ...... 

4. Why is a horizontal of a plane located parallel to tile 
horizontal trace of plane, and its frontal — parallel to its frontal 
trace after the plane has been rotated to lie in a plane of projection. 

5. Given the position of a point rotated into a plane of projec¬ 
tion. from an oblique plane, how can the projection of this point 

in the given oblique plane be determined? . v ... 

6. Rotate vertex B of triangle ABC about the frontal AK until 
it lies at the same distance from plane II 2 at which the frontal lies 


(see Fig. 252). (See § 27.) _ . . .. 

7. Rotate point A about the line MN located in fl 2 into the 

frontal plane of projection (Fig. 280). (See § 27.) 

8. Make the frontal-projecting plane u coincide with plane ll 2 . 

9. Make the plane a given by point A and ground line Ox 
coincide with plane 77,. 

10. In plane a draw a line CD at 20 mm from AB and parallel 
to AB which is contained in plane a (Fig. 281). 

Hint. This problem may be solved by the method of coinci¬ 
dence (see § 28). 

11. The trace l 2 of plane a is given. The angle between traces 
l 2 and k\ in space is 75°. Construct in this plane an isosceles 
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triangle ABC with a base .45 = 40 mm and altitude H =50 mm 
(Fig. 282). (See Fig. 274 and related text.) 

12. Construct a regular hexagonal pyramid with its base in 
a given plane a. The side of the base of the pyramid is 30 mm, the 
altitude — 50 mm. The centre of the base lies at point C (Fig. 283). 



■0 



Fig. 2S1 




Hint When determining the projection of the vertex of the 
pyramid it is necessary to find the true length of any limited part of 

the line of altitude of the pyramid. . 

13 Find the true size of triangle ABC which lies in a plane 
parallel to ground line Ox and inclined to planes of projection 

77, and 77 2 . , ....... . f 

14. On an oblique plane construct a cylinder the diameter ot 

which is 40 mm and the altitude — 70 mm. 

Hint. The solution is similar to that given in the hint to 

question 12. 



Chapter VII 

REPRESENTATIONS of geometrical bodies 

AND the DEVELOPMENTS OF SURFACES 

S T2 Multiview Drawings of Geometrical Bodies 
a § nd Projections of Points and Lines on their Surfaces 

in 

fit fa tUXS 

f r sphere ( (F^g i)? and zn annular torus or anchor rmg 

(Fi ill 28 these bodies are depicted in the 

determining their projections Tha t h e planes ol projection in their 
faces are projected onto certaini of »* T P h J , or insta nce. 

true size and onto others as' P ( d f the rig ht parallelepiped 
all the vertical edges and thei front laci oi me ^ and op 
(Fig. 284, a) are projected ontojlane^yn mem u while the 
plane/7, as points A t mA‘ B>jB C,_C„ u, , 

face is projected as line 4' * ‘ a i n cr the mul tivie wdrawingsof geomet- 
When working out ^.^^‘"ffirbe paid to the conformity 
rical bodies special attent on should D p^ ^ of the three 

of the dimensions . re Pcated P and (parallel to ground 

pairs of planes of projectmn, . ^ ^ and on n , an d n 3 

line Ox), on n 2 an ^ ^3 (P p. ^qa c the dimension h, 

(parallel to line Oy). For f 0 a ^d . is repeated in plane 

taken in plane tfi P ar ^l £ ground line Ojfo.The altitude 

/7 3 as the same dimension h pMmxo gToun ^ dimen . 

of the frontal and profile pr j ^ same and soon. 

Vie U should be taken into account that in a system of three planes 

« r rv 




lf>0 
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diameter is equal to the diameter of the sphere. 

V he d C 0 n S |he C su 0 rfac 0 e oV V geomVt r i°c aboVy* 

as a rule"fs carried out with the help of lines drawn through these 

points on the surface of the body. 

It is possible to choose auxiliary lines in 
any direction. However, for simplify'these 
lines should be chosen so as to he parallel 
to one of the edges of the given body. 

For instance, it is required to construct 
at an altitude of 15 mm a point K on the 
right-hand front lateral face of the tetra¬ 
gonal regular pyramid irustum (Fig. 28o). 

This construction is carried out with the 
help of horizontal MK drawn on the face 
in question. For this purpose at an altitude 
of 15 mm from the ground line Ox \ve 
draw the frontal projection M 2 K 2 ot tne 
horizontal, the point AI 2 being contained 
in the frontal projection of the right-hand 
lateral edge BF. By drawing a projector 
from point M 2 to intersect line B\F\ we 
obtain point M\ through which we draw 
the projection M,/C, of the horizontal para!- 

llWue horbonlTl tl^e'pl'an 5 ; of the right-hand front face 

MK will satisfy the conditions laid down. 

3 The construction of points contained in the 
surface of a cone is carried out with the help of a circle or 
the Jencratrix or generating line of the cone. Poin A on the surface 
of the cone Fig. 286, is constructed with the help of a circ e of 
radius r (r'= 0 2 D 2 = 0\D\) and the point B, with the help of the 
generatrix SC. The sequence of the constructions in Fig. 286 is in¬ 
dicated by arrows. In this case the frontal projections A 2 and B 2 of 
nointsVand B, contained in the surface of the cone were given. 
P Hint. The radius of the auxiliary circle, with the help of which 
point At is constructed, is not equal in length to line 0 2 A 2 , which 
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is frequently and incorrectly assumed by students to be the true 
length of the required radius. The radius is equal to the length of 
0 2 D 2 Line 0 2 A 2 is the frontal projection of the radius of the given 
circle, inclined to plane /7 2 . It is clear, when its projection S X A { 
on plane 77, is drawn, that OA is projected onto plane 77 2 as a fore¬ 
shortened line 0 2 A 2 . 



4. In Fig. 287 a frontal projection A 2 
of point A has been constructed. This point 
lies on the surface of a sphere and the hori- 



Fig. 287 



zontal projection A , of the point is given. An auxiliary circle has been 
drawn on the surface of the sphere through point A. This circle 
has a radius r which in the projection on /7 1 is equal to the distance 
between points C t and A\, i. e., this is the true length of the radius. 
The frontal projection of the auxiliary circle is parallel to ground 
line Ox and passes through point K 2 determined after point K\ has 
been determined, as shown by an arrow. By drawing a projector 
from point A\ to intersect the frontal projection of the auxiliary 
circle the frontal projection A 2 of point A was found. 

5. If a face of a body is perpendicular to the plane of projection, 
the construction of points on that face is carried out directly, 
without auxiliary lines. For instance, in order to construct the hori¬ 
zontal projection A\ of point A contained in the lateral face of a 
right tetragonal prism and given by the frontal projection A 2 
(Fig. 288), it is sufficient to draw a projector through point A 2 to 
intersect the projection of the face on 77 t in point A\. 

The horizontal projection of line BC contained in another lateral 
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face of the same prism and its given frontal projection B 2 C 2 are 
found in a similar manner. 

6 A triangular inclined pyramid frustum standing on plane/7, 
is shown in F?g. 289. A part of this pyramid is cut out. The projec¬ 
tion of this portion on plane fl 2 is bounded by the lines 2 2 ' 2 
2 2 4 2 6 2 . By using the frontal projection let 
us construct the horizontal projection of he 
outline of the notch. Having found the 
horizontal projection 2 , with the help of 
projector 2 , 2 2 . through point 2 , we draw 

lines 2 , 4 , and 2 , 6 , respectively parallel to 
projections B,D, and fi,F, of the edges of 
the base of the pyramid. At the intersect 101 , 
of line 2 , 4 , with the projection of the lateral 
edge C\D\ point 4, will be obtained. By 
drawing a line parallel to the projection 
D,F, of the third edge of the base of the 
pyramid through this point 4,. we find the 
projection 4,5, of another line making up 
the outline of the notch. We find point 5, 
on the projection 4,5, and point 6 , on the. 
projection 2 , 6 , at the intersection of these 
lines with a projector drawn through point 
5 2 ==6 2 . The horizontal projections of the 
other vertices of the notch. 1 . e., points 1 1 

f nd 3 '/B nt a rd ed c[S?oH!:e 1 Ia\ n eral%Te e s''are also found with the 

help 5 of 'projectors, as shown by arrows. Having i°' ne d P«' n s 
/ qnd 3, bv straight lines and with points 6 , and 5,. respecti\ely. 
we finish the construction of the horizonal projection of the notch 
left by the part cut out of the given geometrical bod\. 

§ 33. Development of the Surfaces 
of Geometrical Bodies 

1 . The development of the surface of a body is the figure obtained 

when the surface is made to coincide with a plane . , 

The development of the surface of a polyhedron consists in de¬ 
termining the true views of each of its faces in succession in th 
plane oHhe drawing. This is done in the same order as the faces 
are located in space. When developing oblique prisms and pyramids 
it is first necessary to determine the true size of each face 
help of one of the methods of transforming projections. 

-. The term “the development of surfaces’*, particularly in automobile body 

designing offkes. is frequently understood to mean the construction of the 

drawings of complicated double curve surfaces. 
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The development of the surface of right prisms, all the angles of 
the lateral faces being right angles, is carried out directly without 

any transformation of projections. . 

For example, in order to develop the lateral surface of a 
hexagonal right regular prism (Fig. 290) it is sufficient to draw 
a line and step off on it six parts AB, BC,FA , each of which is 



Fig. 290 


equal to the side of the prism’s base and then construct the 
rectangle A^A^A,,. The height A' () A 0 of this rectangle is equal to the 

altitude of the prism. 

In this developed surface the lateral edges of the prism A' 0 A 0 , 
B' 0 B Qt ... are situated perpendicular to the sides A Q A 0 and A^A^ 

of the rectangle, since all the angles of each face of the prism are 
right angles. 

The complete development of the prism will be obtained if, 
adjoining the top and bottom sides of one developed face, we draw 
the top and bottom surfaces of the prism as projected onto plane Tl\ 
in their true size in the form of regular hexagons. 

The point Ko marked on the lateral face AA'B'B can easily be 
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found. On the development of this face point K 0 lies at a distance 
from the line A 0 B 0 equal to the value of z for point K and to tin 

right of line A' 0 A 0 at a distance A X K\ = /. 

2. The development of an oblique triangular 
nrism (Fig. 291) becomes complicated because the true distance 
" between the edges of each latera. 

face cannot be read directly from 
the drawing. This distance may 
be determined by the transforma¬ 
tion of projections. For example, 
by successive revolutions of the 
prism about two axes respectively 
perpendicular to the planes of 


l 
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f. 



Fig. 291 

projection /7, and /7 2 . the prism can be made to lie perpendicular 
to nlane Fit Then on plane /7, the prism will be projected as a 
triangle whose sides are equal in length to the true distances 

l)Ct The^irst'revolution is about the axis perpendicular to /7, and 
passing through the vertex A. The axis is not shown in the draw ing. 

This brings the prism into the position ABCDEF The project urn 
in this position is drawn by single-dot-and-space lines. 1 he later 
edges of a prism are now parallel to plane Fl 2 and so are projcctc 

° nt By second revolution about the axis passing through the same 
vertex A but perpendicular to FJ 2 , we bring the prism into tie 

vertical position ABCDEF. The projection of this position is rep¬ 
resented by double-dot-and-space lines. The lateral edges^oMhe 

prism will then be projected onto plane /7 2 as segments A 2 E 2 , B 2 D 2 
and C 2 F 2 perpendicular to ground line Ox. On plane /7, they will 
be projected as points A^E U B l ^D l and C.sf,. Joining the.e 
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points by straight lines we obtain the triangle which after the 
second revolution of the prism is projected onto 77,. This triangle 

is indicated by hatching. _ , . 

We now have all the dimensions required to develop the surlace 

of the prism. , , , .. 

Let us draw a horizontal line (Fig. 291, b) and take on it a point 

A 0 at random. From this point lay off the lengths of the sides of 
the hatched triangle in succession. We then obtain points C 0 , B 0 and 
/ 1 0 through which we erect perpendiculars to the horizontal line. 
Then we lay off on these perpendiculars the true lengths of the 
lateral edges of the prism, taking mto account the distance of the 

ground line Ox from points B 2 and Co. 

Points Ao. Co, Bo, A 0 and £ 0 . F 0 , D 0 , E 0 found in this way are 
joined by straight lines in the same order as on the prism. The 
figure AoCoB 0 A 0 EqDoFoEo is then the development of the sides of the 
prism. To obtain the complete development it is necessary to adjoin 
the bottom and top of the prism to the corresponding edges of one 
of the developed faces. The dimensions of the sides of these ends 
are taken directly from the drawing of the prism since they lie 
parallel to plane fl\ and are projected onto it in their true size. 
Thus, A/lo7k)Co = A Eof’ qDq= A.4j£|Cj. 

3. Another method of developing the lateral surface of the same 
triangular prism is shown in Fig. 292. This method is known as the 
method of unwrapping. In this case the surface may be said to be 
‘‘unwrapped”. After converting the principal system of planes of 
projection /7 r /7 2 bv a new system I1 r n A , where plane 77 4 , perpen¬ 
dicular to //,. is parallel to the lateral edges of the prism, we obtain 
the projection of a prism on plane /7 4 in which these edges are seen 
in their true size as lines /I 4 C 4 . B A D A and C 4 /* 4 . Ihen, in succession 
we revolve the lateral prism faces about the edges AE, BD and CF 

until they are parallel to the plane of the drawing. That gives us the 

development of the lateral surfaces of the prism. 

The vertices A, B, C. etc., during such rotations in space, will 
move in planes perpendicular to the lateral edges of the prism. 
In Fig. 292 the movement of points A a , B 4 and C 4 is shown by straight 
lines .I 4 .I 0 . B a B 0 and C 4 C 0 drawn perpendicular to the lines A 4 £ 4 , 
/*,/_/, and C 4 F 4 . To facilitate the construction on these perpen¬ 
diculars of points .-lo. Bo and C 0 , i. e., the vertices of the lower base 
of the prism rotated into the plane of the drawing, from A 0 we 

describe an arc with radius .4 0 C 0 = A|Ci to intersect line C 4 C 0 in 

point C n . From C 0 we describe an arc with radius C 0 Bo = C\B l to 
intersect line /3 4 fi 0 in point Bo. Finally, from point B 0 an arc with 
radius BoAo = B\A\ is drawn to intersect A 4 A 0 in point Ao. Lines 
.1 •,/*!, /i|C| and Cj.li give the true length of the sides of the prism’s 
base. 

Then, through points Ao, B a and Co, we draw lines parallel to 
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the projections of the lateral edges of the prisms on plane ^ 

we lay off on these lines, ram points -4o, B° and C 0 the true g 

ct^spSg J =we P obtafn'the - 

faces of the prism. 

4. The development of the lateral surface of a pyramid can 
be reduced to the construction of a series of triangles by findi b 
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their three sides. Each of these triangles will be a true view of the 

C ° r The < developmen° o f *t he s u r fa ce of the oblique tetragonal pyramid 

SABCD (Fig 293) is begun by determining the true leng s 
fhe lateral edges These edges'are rotated about an axis passed 
through the vertex 5 of the pyramid and perpendicular to plane 
77 to a position parallel to plane /7 2 . All the lateral edges then 
u ♦ rllP lengths In Fig. 293 the construction is shown 

f re IhP edge SA Anv convenient point is marked on the drawing 
for the edge ■ • constructed by marking off distances equal 

face SAB? Then the triangles 



SqBoCo and so on are built up. After this we add to the developmen 
the sides of the base of the pyramid ABCD. These are taken from 
plane 77, on which the base is projected as a true view The con¬ 
struction of this base in the development is carried out with the 
help of two triangles, ABC and ADC, into which the base is first 

divided. 


S ? 




Fig. 293 


5. The development of the lateral surface of a 
right circular cylinder is a rectangle the base of which 
is equal to the circumference 2 nr and the height of which is equal 
to the altitude of the cylinder. 

The development of a cylindrical elbow pipe is shown in Fig. 294. 
The length of the development is equal to the length of the circum¬ 
ference of a normal cross-section, since the diameter of all portions 
of the pipe is the same. In order to determine the top and bottom 
outlines of the development the circumference of the upper portion 
is divided into 12 equal parts and through each dividing point we 
draw a generatrix on the cylindrical surface of the pipe. With the 
help of this on the surface of that part of the elbow to be developed, 
we draw the same number of generatrices. Then the central line 
of the development is also divided into 12 equal parts and through 
the points of division we draw perpendiculars on which we lay off 
upwards and downwards from the line distances equal to one half 
of the length of the corresponding generatrix of the pipe section. 
The curved outlines of the development or pattern are drawn 
through the points obtained. 
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6 The development ot the lateral surface of an elliptical cylinder 

to r-S-S ?! ss 

3i *z-7 At 4 A =s6 A and 5 4 ofthe A 

eight points which divide 
the circumference into 
equal parts, perpendiculars 

are drawn to the projec¬ 
tions of the generatrices on 
plane /7 4 . It should be 
noted that the circumfer¬ 
ence is the projection of 
the lower end of the 
cylinder on plane p 

The projections of the 
eight selected points, when 
the surface of the cylinder 
is being unwrapped, move 
onto the perpendicular^ 

The arcs are struck oil 
successively on these per¬ 
pendiculars beginning from 

point / 4 . The arcs are 
equal in length to one 
division of the projection 
of the base on fl\ and 
determine the position ol 
eight points on the develop- 
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eight points on the develop- Having drawn a continuous 

ment of the lower l ‘ ne no ^ t f’ ‘^constructed a second 

curve through these points and ^ ^ of 

^ r 1eSuoHhe 0 cynnde?, the development of the lateral surface 
of the given cylinder is completed. 

7. The development of the s ^[®“ is ° f eq a ua nS\he r fen"th C o"*he 
generatrix oTthe cone, r and the centra. angle of which is determmed 
by the formula: 


O 

a = 


r •360° 
/ 


where r is the radius of the cone's base and / - the length of the 

ee T?lght Circular cone truncated by the frontal-projecting plane 
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a and the development of its surface is shown in Fig. 296. After 
construction of sector S 0 O 0 12 0 whose arc is equal to the length of 
the circumference of the circular base of the cone and whose radius 
is equal to the length of the generatrix of the cone, the curve 
AoBoCoDoEoFoKoLqMqiWoRoVoAo, which is the development of the 
elliptical section is plotted on the developed surface. 



The circle of the base of the cone is divided into 12 equal parts. 
Through these divisions we draw the 12 generatrices of the cone. 
The points A and K are contained in the limiting generatrices, or 
elements, of the cone. Both these elements are projected onto plane 
n 2 in their true length, so we shall find these points on the 
developed surface if we lay off from point S 0 . on straight lines S 0 O 0 
and Sq12 0 , a distance equal to S 2 /4 2 and on line S 0 6 0 a distance 
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. . Q 1 / Tn determine the distances ot the other pointy 
equal to S 2 K 2 . To determ through their frontal 

of the line of the ellipse to th^ vertex c> ^ line 0 x 

projections we draw str a'g limiting generatrices of the cone, 
until they intersect “ ne r ''7^ to a position parallel to 

which corresponds to revolvmgjh ^ ^ on , y Laying off 

plane i7*. In Fig. 296 ^ from S„of the develop- 

ment, on the corresponding lines ioK 

S 0 2 0 , S 0 3o . etc., we obtain on each ol 

the generatrices a point 

By drawing a curve through these 

points on the development we obtain 
the development of the cone cut b\ 
plane a. 



1 2 11 2 2,10,3,% ^6, 5,7, 
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8. When the generatrices a tr e “ st ,V™ b °4ond°the 11 mits'oHhe 
tawin g 90 an W approximation of the development of the cone may be 

and LM are equal to /, the leng * mia i * 0 u ie length of the 

cone. The top and bottom arei respect ely equal to the ten* ^ of 

circumferences of its base 2nR and t p ^ and NM into 

, 8 h : q ua P l' parts.'join^h'e points obfataed by straight lines ,-2 3-4 etc. 

^ f 5 , . , rs\i „ nf t / u of the trapezoid as parts of thi 

Taking thesides KN 'end LM ol ™ ^ draw the arc o 

radius of a sector of a circ ^ The pos ition of point 

this sector passing through P 0 ‘ n . ts d ™ e a r n ^ jned as follows: 1) from 

A on the extension of line Q j {| ie ^ ra p ezo id; 

point 8 draw a P er Pfn d »cu a distance equal to 

from P°int A The point , 

171 



thus obtained is one of the points of the lower arc of the development 
of the cone. 

The construction of any other point of this arc, for example, 
point D, lying on straight line 5-6, is carried out in the following 
sequence: 1) draw a perpendicular NR to line 5-6 from point N\ 
2) from point R we draw a perpendicular RE to the side /GV; 


ZXr 
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3) draw the bisector RF of angle NRE. We find point D by stepping 
off a distance equal to NF on line 5-6 downwards from point R. 

The points such as C, contained in arc KL, which is the 
development of the upper line of the cone, are found by laying off 
on the lines 7-8, 5-6, etc. from the points of the lower arc distances 
equal to the length / of the generatrix. 

The figure KNDAMLCK constructed in this way is somewhat 
bigger than the true development. In order to obtain a more exact 
development, the divisions of the length of the circumference of 
the base and top of the cone should be laid off not on the chords 
but on the arcs KL and NM, each corresponding pair of points 
found should be joined by a straight line. In the drawing points A 
and T are shown. The figure KNDATSCK will then be a more 
exact development of the cone. 

9. The construction of the development of an 
oblique cone is similar to that of an oblique pyramid. A cone 
is shown in Fig. 298, a, and in Fig. 298, b, the development of its 
surface. This development is begun by dividing the base of the 
cone into any suitable number of parts, sufficiently small in length 
to ensure accuracy of the construction. Through the points chosen 
draw the generatrices SA, SB, SC, etc. The rest of the construction 
is that of the pyramid, shown in Fig. 293. Through the points 
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obtained a continuous curve F 0 £o^oC 0 MoAVWo^ofo is drawn. 

™|* ‘ he t o de S P a me pl» f rp^p m ent a sav a 

generatrix' 1 hen"fi n*d this'genet!rix on^heSofent and on it. 
from point S 0 lay off the true distance from point R to the xer ex 
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of the cone. In Fig. 298 this distance is determined by the method 
of revolution. 

10 The development of a sphere can onl y b > e 

i c nr h o development is made by using either 

P 3 r I f b t h e S sp h e r e 'is °d i \d d e d“u p by meridians into a number ofsec^ 

tions, or the* sphere is divided by lines 

1 “5tl?s r or^(H^Sl.^eSdl^aS beit is 

development of the belts is then carried out according to the rules 

carried out 
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with the use of meridians. The horizontal projection of the sphere 
is divided into 12 equal parts. This gives the horizontal projections 
of the 12 portions (“gores”) cut by meridional planes. To develop 
the first gore we draw a horizontal line, and from point Ao lay off 
on it A 0 Bo equal to the chord of arc A X B X . Then through the middle 
A 0 Bo we draw a perpendicular to it and step off on it points 
0 O , Jq, 2 0 , 3 0 , 4q and 5 0 . The distance between these points is equal 
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respectively to the lengths of chords O 2 J 2 » ^ 2 ^ 2 , 2 2 3 2 , 3 2 4 2 and 4 2 5 2 , 
into which a quarter of the circumference of the sphere was divided. 
These divisions are to be seen on the projection of the sphere 
surface on plane fl 2 . Through points / 0 , 2 0 , 3 0 and 4 0 we draw 
straight lines perpendicular to axis 0 0 5 0 and lay off. on them to 
either side of the axis, at equal distances from it, points /Co and L 0 , 
Mo and A' 0 , £0 and F 0? S 0 and T 0 . KoL 0 is equal to the chord of the 
arc A'|Li drawn in plane /7| through point 1 \ belonging to the first 
gore. Af 0 A'o is equal to the chord of the arc M\N\. E 0 Fo is equal to 
the chord E X F , and. finally, S 0 T 0 is equal to the chord of arc S\T X . 
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The points /to, Ko. Mo. Eo. So and 5„ obtained in this way. and 
also points Bo. U No. fo. To and 5. are then joined by curves. The 
figure received is then an approximate development ol the top 

°' The'bottom half is symmetrical to the top half with respect^to 
line AoBo. The remaining eleven parts of the sphere 
development are identical with the first gore. 
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If it is reauired to find the position of the development of the 

glsHippigls! 

fifth gore in the horizontal projection. The point C 0 is then 

£2“ ,'s ips iPPPrPs* 

method of developing cones. 
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Problems and Exercises 

1. What is a development of the surface of a body? 

2 What form is assumed by the development of the lateral 

surface a) of a right prism, b) of a right circular cylinder, c) of a 

ConltruTthe missing projections of the cut-outs and through 
holes of the bodies, depicted in Figs. 302-308 j The construction 
should be carried out in three projections and on an augmented 

SC3 Hint. The procedure for constructing individual points is 

gU 4° Develop the surface of the pipe elbow (Fig. 309 )\ . 

5. Develop the surface of the transition piece, 

m F hU nt°To carry out the development of the middle section, this 
surface should be divided into parts of triangular form. 
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Chapter VIII 

INTERSECTION OF PLANES AND SURFACES 
§ 34. Plane Sections of Polyhedrons 

1. The construction of plane sections of polyhedrons may be 
divided into two groups. The first group covers those cases when 
the edges of the polyhedron and the cutting or section planes are 
oblique. The second includes cases when the edges of the polyhedron 
or the section plane itself, or both, are perpendicular to planes of 
projection. 

In any case, as the result of the intersection of the edges of the 
polyhedron by the cutting plane, a plane polygon is formed and the 
number of its vertices is equal to the number of the edges of the 
polyhedron. 

When determining plane sections of the first group, the vertices 
of the polygonal section are found by using auxiliary planes, as was 
done when determinating piercing points of a line in a plane and 
when finding the line of intersection of two planes. 

The vertices of the polygons, received when solving problems 
of the second group, are constructed with the help of auxiliary 
lines drawn on the edges of the solids or simply by means of 
projectors. 

2. The procedure for intersecting a triangular 
oblique pyramid by an oblique plane a. This case 
belongs to the first group. The vertices of the triangle KLM which 
represents a section figure have been found as meeting points K , 
L and Af of the edges SA , SB and SC with plane a. For this 
purpose through each edge an auxiliary frontal-projecting plane 
is drawn. The line of intersection of each of these planes with the 
given plane a is constructed. The intersection of each edge with 
the corresponding line gives the points in which the edges pierce, 
as is shown in Fig. 311. 

For example, point K is found at the intersection of edge SA 
uh line 1-2, in which plane a intersects the auxiliary frontal- 
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projecting plane p passing through edge SA. The construction of 

point K is shown in Fig. 311,6. ...... f 

The projection of the part SKLM of the pyramid which is cut 

away is shown by dashes and dots. The projections of triangle 

KLM of the section are shown by dots. 



Fig. 311 


3 The construction of plane figures, or sections, received when 
cutting polyhedra. in cases falling within the second group. 

Sh T i n h e Fi fi S st 3 c 2 ase d (Fi 3 B . 3.2, the construction of the section 
KLMN of the right tetragonal prism by an oblique plane a is 

reduced to the construction of the frontal P r ?J e " t,0 " h fl L ^^? d °' 
this figure using its horizontal projection /C,L,M,iV,. \yhich coincides 
with the horizontal projection of the prism itself. This construction 
is done with the help of frontals of plane a drawn through points 
KLM A'. At the intersection of the frontal projections of the 

" ,s jss r TK 'tK 1 

foined by straight 2 ’lines. The tetragon K 2 L 2 M 2 N 2 is the frontal 
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Fig. 312 





projection of the section of the prism by plane a. The f° rt ! on n °! 
the prism which has been cut off is shown by dashes and dots and 

the projections of the tetragon section is shaded in by dots. 

If the section plane is a projecting plane, then one projection 
of the section of the polyhedron coincides with the trace-projection 
of this plane which possesses collecting properties. The second 
projection is constructed with the help of the first using projectors^ 
A right regular hexagonal pyramid cut by a horizontal-projecting 
plane a is shown in Fig. 313, a. The points of intersection o the 
trace-projection a, of this plane with the projections of the ateral 
edges S,B, and S,C, and the edges of the base and 

determine the horizontal projections of the four vert,( ; es ^ 1 ’ ‘ 

and TV, of the section. By drawing projectors through these pom 
to the corresponding projections S 2 B 2 , S 2 C 2 , A 2 B 2 and C 2 D 2 , PO> n 
L 2 , M 2 , K 2 and N 2 are found. These are the frontal projections of 

the vertices of the section KLMN. . ... . . . . „ 

The way the pyramid is intersected by plane a is illustrated by 

the axonometric representation, Fig. 313, b . in which the tetrag 

of the section is indicated by dots. 

§ 35. Plane Sections of Curved Surfaces 

1. The construction of plane sections of curved surfaces is 
similar to that of plane sections of polyhedra In some cases th 
points contained in the intersection of a curved surface by a plane 
are constructed by drawing auxiliary lines, in others by using 

^ U X N ever th e 1 e s s, there are differences between the construction of 
plane sections of curved surfaces and the constructions of plane 

sections of P°^ hedr .® t j t t j ie construction of points in a plane 

section of a curved surface is usually begun by finding on the 
figure so called basic or special points whose specific characteristics 
differ from those of other points. Special points include the highest 
and lowest points of a figure, points where the limiting elements are 
tangential to the curve of the section, the extreme points of he 
section! h e . those nearest to and those farthest away from the 

observer, and certain other points. 

2. Letusconsider the intersection of a right crcular 

cylinder b v an oblique plane a (Fig. o 1 4. a). 

Since plane u is neither parallel to the axis of the cylinder nor 

perpendicular to it, the section will be an ellipse. 

P Let us pass a frontal plane p through the axis of the cylinder. 

This plane P will cut the surface of the cylinder along its limiting 
generatrices or elements, and the plane u along a fronta . The inter- 
fectfon of the frontal with the limiting elements will determine 
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two special points A and B contained in the ellipse of intersection. 

Other special points are C, the point nearest to the observer, 
and D, the point farthest away. They are found with the help of 
the two frontal planes, y and 6, passing respectively through the 
front and rear generatrices of the cylinder. These planes also inter¬ 
sect plane a in frontals. The intersection of the frontal projections 
of these frontals with the frontal projection of the axis of the 
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cylinder determines the frontal projections C 2 and D 2 of these 
special points. The axis of the cylinder coincides with the projec¬ 
tion on plane fl 2 of the front and rear generatrices. 

The highest point E and the lowest point F of the ellipse given 
by the intersection are found with the help of the horizontal-project¬ 
ing plane a passed through the axis of the cylinder perpendicular 
to trace k\. The planes /. and a intersect in line 1-2. This is a line 
of maximum inclination of plane a with respect to plane /7j. Plane 
/. will intersect the cylinder along the generatrices 3-4 and 5-6. The 
intersection of line 1-2 with lines 3-4 and 5-6 gives the special 
points E and F, respectively. 

Besides the special points A, B, C, D, E and F , the intermediate 
points K and L are also found. These points are constructed with 
the help of the horizontal plane cp. The section of this plane with 
the cylinder is a circle and it intersects plane a in the horizontal 
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7-8 Points K, and L x lie at the intersection of the horizontal projec¬ 
tioncS 35 horizontal 7,-*,. and the circle which co.nc.desw.th the 
projection of the cylinder on /7,. Having determined points K. and 
l ' with the help of projectors, we find points K 2 and U on the 

trace cpo of plane cp. , , . 

An axonometric representation of the cylinder cut by plane a is 



shown in Fig. 314, b. 


3. The intersection of 
a plane with a straight 
circular cone may give 
the following lines: 

1) Two straight 

generatrices, when 
the cutting plane passes 
through the vertex of 
the cone. 

2) A circle, when 
the cutting plane is 
perpendicular to the 
axis of cone. 

3) An ellipse, 
when the plane inter¬ 
sects all the generatrices 
of the cone and yet is 
not perpendicular to the 
axis of the cone 

(Fig. 315). 

4) A parabola, 

when the cutting plane 
is parallel to one of the „ between the 

B between the generatrix and the axis of the con . 

5) A hyperbola, when the cutting plane is parallel to any 

zero. 


Fig. 315 


„, i w \°» n '.y iVj. : •' < sS ji i',€H 
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the frontal with the limiting elements points K and L , in which 
the ellipse touches these elements, are found. 

We then pass a plane y perpendicular to the cutting plane a 
through the axis of the cone. The trace yi is perpendicular to A?,. 
The plane y intersects the cone along the generatrices SC and SD. 
It intersects plane a along the line 2-3, which is a line of maximum 



inclination of plane a to plane I7\. This line contains points M and 
A in which the generatrices SC and SD of the cone will respectively 
intersect plane u. In this case point A1 is the highest point and :V 
the lowest point, a point of the ellipse given by the intersection of 
the cone by plane a. 

A series of other points of the ellipse may be constructed either 
with the help of the horizontal-projecting planes passed through 
the vertex S, or by means of horizontal planes. The points E and 
/ of the ellipse are obtained by drawing the auxiliary horizontal 
plane <j. Plane <| intersects plane a in a horizontal. The correspond¬ 
ing section of the cone is a circle, the diameter of which is equal to 
tin length of the part of trace cpo contained between the frontal 
projections S 2 A 2 and S 2 B 2 of the limiting elements of the cone. By 
describing this circle, with S, as the centre, we obtain points E\ and 
E\ at its intersection with the horizontal projection of the horizontal 
of plane «t. Points E 2 and F 2 on trace (p 2 of plane ip are determined 
with the help of projectors. 














• x i/ a i p i M, Ex and K\ by a curve we obtain 
Joining points Ku Mi.Fi, Eu u ■ tion 0 f the intersection of 

the ellipse which is th _? , projection ot this intersection is 

the cone by plane a. The Iron P J „ »/ c r j\j £ 2 and K 2 . 

also an ellipse, passing through points K,. M 2 .1 2 . 

5. A cone intersected by ?. in' Vi g °31*6 ' I n ^Vi s 

the limiting element SA of the , la The f ron tal projec- 

s' fr;.’s!ar^s'i ! .5. p ;~-p re i~.i<.n«,». 

-raau .«*"as 

a series of auxiliary horizontal ^ane « in'a horizontal 

intersects the cone in a circle a ters ^ ction 0 f the horizontal 

perpendicular to plane /7 2 . A . | lor i 70n tal projections of the 
projections of the hor.zontals with the homom* P j Points 5 ; 

respective circles.we obtain the po nts^-> o ints 5 and 5' of the 
and 5, are the horizontal^ Proiecti^^.^^ ^ P fche base Qf the Th e 

•aboh 
•izont 
point 

'*1 drawing a curve though points 5, fine 

! : 5 ^ e sh°owfby th dashe 0 s r : is n the' hCLntai projection of the line along 
which pl^neo cuts the plane oi the cone s base. 

6. The intersection of a cor J e b X f ^hown 317. In this 

not pass through the j fbe^a hyperbola which is projected 

SK p 1 ane°°a ° a'strafght'fine 'coincuding with the trace a, and 

° nt °Th P e points K andTof'fhe hyperbola inwMeM. in'tersects .da ne 

^cSis^nX '^^r iections * 2 and ^ 01 ,hese 

points are contained in ground lin • f . special point R,- 

P To construct the frontal projection R 2 of the spe^ dpaw 

the vertex of the hyperbola, wi P t from po int S, to trace 
a circle whose radius is equal to the section of the cone 

a,. This circle is the horizontal project,o^noir R To fjnd , he 

given by a horizontal plane pass gUj, t, D| we draw a 

frontal projection of th's cir t f Qn ^ the right-hand cone 

projector to intersect the frontal p ) drawn through point D 2 

SSfft 

p ”“ '■ is ,h ' 

. midpoint of this line. 



The projections of the other points, M, A and Q, on plane U 2 
may be found by drawing a series of generatrices of the cone, or 
horizontal auxiliary planes. In Fig. 317 points A/, N and Q con¬ 
tained in the hyperbola have been found by drawing the 
generatrices 5/1, SB and SC. 

7. The construction of the horizontal projection of a sphere cut 
by a horizontal-projecting plane a (Fig. 318) is begun by finding 

the axis of the ellipse, which is the 
circle of the section projected onto 
plane /7,. The minor axis/liB, of the 
ellipse coincides with the horizontal 
projection of the major meridian 
of the sphere, the extremes A\ and 
B\ of this axis being determined by 
points ,4 2 and B 2 in which the 
frontal trace a 2 of the cutting plane 
intersects the frontal projection of 
the major meridian of the sphere. 
The projection £ 2 D 2 of the major 
axis of the ellipse of the section on 
plane fl 2 is the midpoint of line 
A 2 B 2 . Let us draw the auxiliary 
horizontal plane p so that its 
frontal trace p 2 passes through 
point £ 2 ==D 2 . Having determined 
radius r of the circle given by the 
intersection of plane p and the 
sphere, with point C\ as the centre 
we describe a circle with this 
Fit r. 318 radius to intersect the projector 

drawn through point £ 2 = D 2 in 
points £1 and D x . Line E\D { 
is the major axis of the ellipse. 

Let us draw a projector through point Afo — A' 2 , i- e., through 
the intersection of trace a 2 of the cutting plane with the frontal 
projection of the equator of the sphere. This line \vill cut the circle, 
which is the horizontal projection of the equator of the sphere, in 
points A/! and .V,. It follows that, in points AJ and A\ the circle 
given by the intersection of the sphere by plane u touches the 
equator. 

A series of other points of the section may be constructed with 
the help of auxiliary horizontal planes. 

S. It should be noted that when constructing projections of 
plane sections, also in other cases, as few auxiliary lines as 
possible should be used. The drawing is simplified by using as 
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st: ucll ji 

fettarsarrai s:££‘=s? i s 

parallel. 

So first the lineol 
intersection of one 
such auxiliary plane, 
for example p, with 
plane a is found.This 
is done by finding 
points 1 and 2 of the 
intersection of the 
corresponding traces 
of planes a and p- 
The lines of intersec¬ 
tion of other auxilia¬ 
ry frontal-projecting 

planes, y, 6 and cp. 
with plane a will then 
be parallel to line 
1-2 and, when con¬ 
structing these lines, 
it is necessary to 
determine only oneol 
their points in each 
case. 

9. In engineering 
practice construc¬ 
tions are widely used 
in which planes are 
made to cut curved drawing of a connecting rod 

surfaces. For example m 'ig- ^ich Se elfments of its surface 
head is shown and the >£vthe lines of intersection of 

geometrical form, i. e. a sp " er j e ’ t ected by planes a and p in 

arcs F o^ a circles C proj^ec?ed U onto *pl ane withoU distortion. These 

olanes cut the intermediate cylinder along generatrices. 

P The horizontal trace of the frontal plane « intersects the hor¬ 
izontal projection of the equator of the sphere in point A\. Th 
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radius r 2 of the section of the spherical surface is determined by 
the distance at which point A\ lies from the horizontal projection 
C, of the axis passing through the centre C of the sphere, perpen¬ 
dicular to plane fl 2 . In a similar manner the radius rs of the semi¬ 
circle of intersection of the spherical surface, seen in the frontal 
projection as lying on the right, is determined. 

The generatrices along 
which the cylindrical 
surface is intersected by 
planes a and (3 may 
easily be constructed. 
The projections of these 
generatrices on plane 
fl 2 are determined by 
points B 2 and B' 2 in which 
the semi-circle of radius 
r 5 intersects the vertical 
line dividing the frontal 
projections of the sur¬ 
faces of the cylinder it¬ 
self and -sphere of 
radius r 3 . 

The position of the 
intermediate point D 2 
on the frontal projec¬ 
tion of the torus is determined by drawing an auxiliary profile plane 
y. This plane cuts the torus in a circle, of radius /\ 2 / 2 . which projects 
in its true size on plane /7 3 . 

By describing an arc of this circle from point C 3 (C 3 / 3 = /v 2 / 2 ), 
we find point D 3 in which this circle cuts the trace u 3 of the cutting 
plane. I hrough point D 3 we draw a horizontal projector to intersect 
trace y 2 of the auxiliary plane y in point D 2 . In Fig. 320 these con¬ 
structions are indicated by arrows. 

§ 36. The Transformation of Projections 
by Oblique Projection and Relative Conformity 
When Constructing Plane Sections of Surfaces 

1. We shall construct the section of an elliptical cone cut by an 
oblique plane a by transformation of its projections (Fig. 321). 

f irst, plane f1 2 should be substituted by plane /7 4 perpendicular 
to planes fl , and u. The ground line s J4 of the new system of planes 
A/ 1-// 4 should be drawn at right angles to trace k\ of plane a. In the 
system of planes /7,-/7 4 the plane a becomes a projecting plane, 
therefore its trace ct 4 will then possess collecting properties. 
The trace a 4 is constructed with the help of point /, taken on the 
frontal trace / of plane u. 
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Having built the projection of the cone on plane /7 4 , we may 
find the part M A K A N A of trace ct 4 .' This is the projection of the 
required section on plane /7 4 . By drawing a series of generatrices 
of the cone we find first the horizontal, and then the frontal 
projections of the points of the section, including points M, K and 
N in the /7 r /7 2 system of planes of projection. After this, through 
the frontal projections of the 
points obtained an ellipse is 
drawn. This is the projection on 
plane fl 2 of the section of the 
cone cut by plane a. Through the 
horizontal projections of these 
points another ellipse, the pro¬ 
jection of the section on plane 
/7is drawn. 


Q 
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2. The multiview drawing 
(Fig. 322) shows the construc¬ 
tion of the section of a sphere 
given by an oblique plane a. The 
method of transformation of pro¬ 
jections is also used in this case. 

We project the sphere and 
plane a onto a new plane of pro¬ 
jections n 4 perpendicular both 
to plane /7, and plane a. The 
ground line S| 4 of the system of 
planes of projection /7 r /7 4 is 
drawn perpendicularly to trace 
k x of plane a. The sphere is pro¬ 
jected onto plane /7 4 as a circle with its centre at point C 4 which 

lies at the same distance from ground line s, 4 as the point C 2 from 
ground line Ox. 

The plane a is projected onto plane fl A as the line « 4 , and the 
section of the sphere as the line A a B a . This line coincides with line 
« 4 , the trace-projection of the plane on plane fI A . 

Line A a B a determines the length of the major axes of the ellipses 
in which the section of the sphere, a circle, is projected onto planes 
I1\ and fJ 2 . The projection of the centre C' of the circle of the 
section on plane /7 4 is point C' 4 , the midpoint of line A a B a . Wc 
find the projection of this point C' on planes n x and fl 2 . The 

projection C\ of this point on plane /7, is given by the intersection 
of the projector drawn through C 4 perpendicular to S| 4 and the line 
passing through point C\ parallel to ground line S| 4 . The projection 
C 2 of point C lies on the projector from C\ perpendicular to ground 
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line Ox, at a distance z c , from that axis. This distance z c . j s 

obtained from the projection on plane fl 4 . 

Having found points C\ and C 2 through them we draw lines 
respectively parallel to traces k\ and l 2 and lay off on them to 
either side of points C\ and Co distances equal to one half of the 
length of line A 4 B 4 . The lines D X E X and S 2 F 2 obtained are the 



major axes oi the ellipses which are projections of the circular 
section on planes 17\ and 71 2 . 

The minor axis /1|B| of the ellipse which is the projection of the 
circular section on plane /7, is given by the projection of line AB 
on 77 1 . To obtain the minor axis through points A 4 and B 4 draw 
projectors perpendicular to ground line s i4 to intersect the line 
passing through point C\ parallel to ground line s u . 

The length of the minor axis K 2 M 2 of the ellipse on plane 7l 2 is 
obtained by a similar transformation of projections, however in 
this case, a new plane /7 5 , perpendicular both to plane IJ 2 and the 
cutting plane «, is substituted for plane f1\. 
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Havine found the position and length of the axes of the ellipses 
which are projections of the circular section of the sphere on planes 
/ 7 , and /7 2 ? we can proceed to draw in the curves themselve . 

3 We shall now examine the method of constructing P'ane 
sechons by means of oblique projection. This type of project,on has 



Fig. 323 


already been used to determine the piercing point of a line with 

*'t”SS a H. snlton o, an obliq.. 

e "Tu!’ P c:fs jis :x W™». 

parlllelto trace The projection of Pla™ « ^ojSted onto 
line l 2 , i- e., the frontal trace of plane a. The prism is P r .°J ect * 

plane U 2 as A 2 B 2 C 2 E 2 F 2 D 2 . In Fig. 323 this projection is shown by 

dashes and two dots. The intersection of the oblique Project. 

t the 

KLM and the horizontal projections K i, L x and Mi. 

4 The construction shown in Fig. 324 is carried out by using 
the related conformity properties of triangle KLM in which th 
surface of the pyramid SABC is intersected by plane a. 
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In § 31 it was already noted that there exists a relationship 
between the projection of a plane figure and the figure itself. This 
is called the related conformity and this conformity exists between 

any two projections of the figure. 

Therefore, problems which are solved by conventional methods 
of descriptive geometry may also be solved by using the method 



of related conformity for any two projections of the projected 

objects. 

Tackling this problem (Fig. 324), we must establish the related 
conformity between the section in plane a and the horizontal 
projection of that same section of the pyramid. We begin by deter¬ 
mining the axis and direction of relativity. To determine the direc¬ 
tion of the relativity it is necessary to find one pair of related points. 

The first duplicate point through which the axis of relativity 
will pass -V a , is the point of convergence of traces of the plane. To 
determine the second duplicate point we draw in plane a any line 
1 -2, the projections of which, 1 \2\ and lo2o, intersect in point M' 
which corresponds to itself. After this we pass the axis of relativity 
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through points X a and AT. The direction of relativity, in this par¬ 
ticular case of related conformity is perpendicular to ground 

lme pofnt Si, related to point S 2 , is now found by joining point S 2 by 
a straight line with projection 3 2 of a point 3 taken at random on 
line 1-2. Line S 2 3 2 is produced to intersect the axis of relativity in 
point M". Then by drawing the straight line AT'.?,, which is related 
to line S23 2 , to intersect with the line S 2 S,, which runs in the direc¬ 
tion of relativity, we find point S, corresponding to the related 

P0I Then we extend the projections S 2 A 2 , S 2 B 2 and S 2 C 2 of the 
lateral edges of the pyramid to cut the axis of relativity in point* 
j^/n ^|//// anc j M'"". By joining_up these points with point Si we 

obtain lines S,M"" and which are related to lines 

^^Thffnterstftions of lines S.M'", S,M"" and with the 

horizontal projections SiA it S,Si and S,C, of the la era e ges 
the pyramid give the horizontal projections K i, Li and Ai ot 
vertices of triangle KLN which is the figure received when the 

pyramid SABC is cut by plane a. , . . • 

Py The frontal projection K 2 L 2 N 2 of this triangle is constructed in 

the usual way with the help of projectors. 


Problems and Exercises 

1 Which planes are generally used as auxiliary planes when 
constructing plane sect^ns^e q[ ^ constructions used to find the 

section of a polyhedron given by an oblique plane? 




Fig. 325 


Fif>. 326 
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3. Which points are called special points when constructing 

a plane section of a curved surface? .. 

4 Construct the section given by an oblique plane when it 
cuts a triangular right prism. The traces of the plane make angles 

45° and 30° with the ground line Ox. 

5. Construct the intersection of a triangular plate ABC with 

a prism. Show the visible parts of the plate by hatching (F>g- 32 ?>- 

6 . Construct the intersection of a triangular plate AbL witn 

a pyramid (Figs. 326 and 327). ... ,. . . 

Hint. This problem should be solved by two methods, first, b\ 

using an auxiliary plane, and then by substituting planes of projec¬ 
ts 011 7 . Construct the intersection of a given space figure by plane 

a Construct the intersection of a cylinder by a plane a 

(Fig. 329). First, solve the problem in the conventional auxiliary 

planes, and then, by using oblique projection. 

9. Construct the intersection of a cone by a plane u (1 ig. 330). 
First, solve the problem conventionally by passing auxiliary planes. 

then, employ the method of related conformity 

10. Construct the section of the handrail, shown in Fig. 331. 
when it is cut by plane u. Find the true view of the section. 

11. Construct the third projection of the cylinders with through 

holes, shown in Figs. 332 and 333. 
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Chapter IX 

INTERSECTION OF LINES AND SURFACES 

§ 37. Construction of Points of Intersection 
of Lines and Surfaces with the Help of Projecting Planes 

1. In general it may be said that the construction of the point 
of intersection of a straight line with a surface consists of three 
operations, these are as follows: 1) an auxiliary surface is passed 
through the line; 2) the section cut by the auxiliary plane is found; 
3 ) the point, or points, of intersection of the given line with the 
section which has been constructed is determined. Such points are 
the points of intersection of the line with the surface, i. e., the 
piercing points. The number of piercing points of a line depends on 
the form of the surface. A line generally pierces the surfaces of 
simple geometrical bodies, such as prisms, cylinders, sphere, etc., 
in two points, one of which may be called the point of entry, and the 
other, the point of exit. 

If the surface which the line pierces is perpendicular to one of 
the planes of projection, then the piercing points may be determined 
very easily. For example, points K and L, in which line DE pierces 

the right triangular prism ABC 
(Fig. 334), are projected onto plane /7i 
as points K\ and L x in which the projec¬ 
tion D X E X of line DE intersects the 
triangular horizontal projection of the 
two ends of the prism. Once points K x 
and L x are known, projectors are used 
to find the frontal projections K 2 and Lo 
of points K and L. 

The construction of points Af and /V, 
where another line, line RS , pierces the 
surface of the prism, is shown in Fig. 334. 
In this case point M lies in the hidden 
side of the prism, and point /V lies in its 
upper face. The sequence of the construc¬ 
tion is indicated by arrows. 



196 



The intersection points of a line and a right cylinder, the axis of 
which is perpendicular to plane of projection /7, f may also be found 

without auxiliary constructions (Fig. 335). , 

It should be noted that when surfaces such as right prisms or right 
cylinders are intersected by curved lines, the piercing points are 
also found in this way. A space curve CD is shown as intersecting 

the surface of a cylinder in Fig. 

335. The horizontal projections 
K\ and L\ of piercing points 
K' and L' are the points of 




intersection of curve C,D, with the circle which ‘ s 

determined by projectors drawn to meet the frontal projection C 2 D 2 
of curve CD, as shown. 

(2 )The construction of the points of intersection of line M A and 
thetriangular pyramid SABC is shown in big. 336. 

Draw g an auxiliary frontal-projecting plane a through line MW. 
The section of the pyramid cut by this plane is triangle 1-2 J. First, 
points I 2 2 2 and 3 2 , where trace rx 2 intersects frontal projections of 
the edges S 2 A 2 , S 2 C 2 and S 2 B 2 , are found. Then, by means of these 

points and projectors, points h, 2, 3 X are d i e ?®"" 1 , " e / d, A hes * h l j ch is 
are joined by straight lines to obtain the triangle 1 X 2 X 3 U which.is 

the horizontal projection of the section of the pyramid cut by the 

X jhe F straight line MN contained in plane a, together with tri¬ 
angle 1-2-3, intersects the sides of this triangle in points K and L 
which are the points of intersection of this line with the surface 
of the pyramid Points /C, and L x are the points of intersections of 
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projection Al\N\ of line MX with the lines 1\2\ and 1\3\, and the 
latter are projections of the sides of triangle 1\2\3\. By using pro¬ 
jectors we find on M 2 X 2 the frontal projections K 2 and L 2 of the 
points K and L where line MX pierces the surface of pyramid. 

When determining the visibility of separate parts of line MX, 
assuming this line is being projected onto planes /7, and fl 2 , it is 
necessary to take into account the visibility of the faces of the 
pyramid "on these planes of projection. When projecting onto plane 
/7, all three lateral faces are visible, so point K, contained in face 
SAZ?, and point L, contained in face SAC, are also visible. Therefore, 
the portions M t Li and ATA'i of the horizontal projection of line MX 
are drawn as continuous lines, whereas the projection L t Ki of the 
part of the line MX within the surface is shown by dashes. When 
projecting onto plane /7 2 the face SAB is visible, but face SAC is not 
visible. Therefore the part A 2 .Y 2 of the frontal projection of line MX 
is shown as a continuous line. The portions l 2 L 2 and L 2 K 2 are 
shown by dashes, since they are the frontal projections of the part 
1L, which is hidden by the surface of the pyramid, and of the part 
LK, which is within the surface of the pyramid. 

3. The points of intersection of a straight line a with a surface 
of revolution are also determined by passing a projecting plane 
through line a (Fig. 337). 

The line in which the frontal-projecting plane a, passing through 
line a. cuts the surface of revolution is a curve. The frontal projec¬ 
tion of this curve coincides with trace u 2 . 

To construct the horizontal projection of the curve of intersec¬ 
tion a series of auxiliary planes are drawn to cut the surface of 
revolution and plane u. The sections received will be circles and 
horizontals perpendicular to plane /7 2 . Having found the horizontal 
projections of these sections we determine points 2\ and 2\, 3 t and 
3\, in which horizontal projections of the circles and horizontals 
intersect. These points and the projections 1\, 4\ and 4[ are joined 
by a curve. The intersection of curve 4\3\2\l\2\ 3[ 4\ with projection 
«i of line a gives points 1\\ and L\. These are the horizontal pro¬ 
jections of the points of intersection of line a with the surface of 
revolution. Having obtained points K\ and L 1 we find the points A 2 
and Lo on the frontal projection a 2 of line a. Finally, we determine 
the visibility of the separate parts of line a. 

This solution demands the construction of an auxiliary curve. 
Although this involves extra work, it is unavoidable, since special 
constructions, not dealt with in this course, would have to be used 
to eliminate the construction of the curve. 

4. The method of transforming projections to determine the 
points of intersection of a line AB and a sphere is shown in Fig. 338. 

An auxiliary horizontal-projecting plane a is passed through 
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line AB. The circular section of thesphere by [t Ms.plane, to- 

gether with line AB, is P r .°l e ^ , n a P d parallel to plane a. 
This plane /7 4 is perpend^ular to plane //, ana p altitude as 

T,„ Srnlrc C .. m ThS; lh« projection C, .1 

ll” «,ll«. on tP. projector « .. • ««« <"» 
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Fig. 337 


Fig. 338 


the ground line s„ eq , ua ' ‘ 00 ^ 1 ^ 0 "^/l^gthTnine E.oRis 
with a radius r, equal, to u S C entre This circle intersects projec- 
described with point C 4 as . , K . r These points 

tion AaB a of line AB on plane n A m P 4 d L in w hich line 

are the projections on plane /7 4 of points a an 

AB pierces the surface of the sphere. ^ {irsl find the horizontal 

Having obtained points . an pro j ect i 0 ns K 2 and U 

projections K\ and L\ and th projected onto plane /7 2 . 

of points K and L. Point Kisvisi^nen^v^ pQ . nt £ js visible 

but it is hidden when P r0 J e ^tcd P^” 0 lane n<1 This j s taken 

both when projected onto plane . ‘ ‘ "j sibility P of the separate parts 
into account when determining Uiview drawing. It is quite 

Of the projections of line AB on tee mulU« both ^ projec ted 

-to plane 6 since it penetrates the sphere. 









§ 38. The Use of Oblique Planes to Determine Points 
of Intersection of Lines and Surfaces 

1. In many cases the construction of the points of intersection 
of a straight line and a surface is simplified by passing an oblique 
plane through the line, instead of a projecting plane. 

For example, if a plane perpendicular to one of the planes of 
projection were to be used for the construction of the points of inter¬ 



section of line AB with the surface of an elliptical cylinder 
(Fig. 339), the section obtained would be an ellipse and one of its 
projections would have to be plotted by points. However, by passing 
an oblique plane parallel to the generatrices of the cylinder through 
line AB section of the cylinder will be given by two generatrices. 

Such a plane may easily be constructed. Let us take any point 
C on line AB and through it draw line CM parallel to the genera¬ 
trices of the cylinder. Then the plane determined by the intersecting 
lines AB and CM will be parallel to the generatrices of the cylinder. 

The horizontal trace M of line CM and the horizontal trace AT 
of line AB are then found. The horizontal trace of the auxiliary 
plane determined by straight lines AB and CM passes through 
points M and M'. This trace k\ intersects the base of the cylinder 
contained in plane /7, in points 1 and 2. The horizontal projections 
of the generatrices 1-3 and 2-4, along which the auxiliary plane 
cuts the lateral surface of the cylinder, are drawn through points 
1 1 and 2\. 

The points Aj and L u where lines 2\4\ and 1 X 3 X intersect line 
A\B U are the horizontal projections of the required points A and L 
wliere line AB pierces the surface of the cylinder. The frontal 
projections AT and L 2 of points A and L are found by drawing 
projectors through Ai and L x to intersect the frontal projection A 2 B 2 
of line AB. 
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Planes, such as those considered, which reduce 
lines to a minimum are the most simple oblique 


the construction 
auxiliary planes. 


2. A simple oblique auxiliary plane is also'Used in Fig 340 a 
for constructing the points of intersection of line AB with the tace^ 
of an oblique pdsm 'although in this case it would also have been 
possible to pass a projecting plane through line AB. 
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As in the preceding construction, a line CM is drawn through 
noint B on line AB parallel to the lateral edges of the prism. The 
plane a determined by the intersecting lines AB and CM, intersects 
the faces of the prism along lines 1-3 and 2-4 parallel to the lateral 
edles of the prism. The intersection of these lines with line AB 
gives the required points K and L where line AB pierces the> prism. 
g This method of finding the points of intersection l ‘" e . and .® 
pentagular prism can be seen in axonometnc projection 

Fig. 340, b. 

3 When determining the points of intersection of line AB and 
a cone (Fig 341) the most simple oblique auxiliary plane will pass 
throueh line Afl and the vertex S of the cone. Such an auxiliary 
Diane intersects the lateral surface of the cone along two 
generatrices To construct this plane we lake on line AB points 
f^nd 2 at random and join them by straight lines to the vertex S 
of the cone. Having found the horizontal traces M and Af of lines 
S/ and S2 we pass the horizontal trace k\ of the plane through 
fhem and draw the generatrices SE and SD along which the p ane 
intersects the surface of the cone. The points K and L in which 
generatrices SE and SD cut line AB are the points of intersection 

of this line and the cone. 

4 When the base of the cone does not lie in the /7, plane of 
projection, but in some frontal-projecting plane, as shown in 
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Fig. 342, the construction of the points of intersection of line AB 
and the cone remains almost unchanged. By drawing auxiliary 
lines SI and S2 through the vertex S of the cone and points / and 
2 taken on line AB we find the traces M and M' of these lines and 



Fig. 341 


trace MM' of the auxiliary plane on the plane in which the base 
of the cone lies. We obtain the points C and D at the intersection 
of trace MM' with the base of the cone. The generatrices SC and 


r 



SD , along which the auxiliary 
plane intersects the surface 
of the cone, pass through 
these points. Points K and L, 
in which the line AB pierces 
the cone, lie at the intersec¬ 
tion of the generatrices SC 
and SD with line AB. 

5. Auxiliary planes which 
cut curved surfaces should be 
selected, whenever possible, 
so that the sections received 
are straight lines or circles 
and not curves in general, 
since the construction of the 
latter overloads the draw¬ 
ing with auxiliary lines and 
makes it less precise and 
legible. 
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Fig. 342 


cone along its generatrices (Fig. 3«> p oi the vertex on 

- tl SSi« ~tszi?2teZ»gS£8ri 

SSwTaifrt h.ri.on.,1 m„ »■ «l ^ 




Fig. 343 


Fig. 344 


horizontal trace of some 

point F of line ^ n f" d ‘ h ,^ei^s ttaInteraction of projection 
projection F 2 of point r r t t. e left-hand generatrix. Having 

^ 2 B 2 and the frontal on Ail. Next the projection 

found point F 2 we determine P > : ction of this line coincides 

a "1 •!« — 

because both these projections^pass^hrc mgi P 0 t 2 the horizontal 

Usinjj projections Srf. and S,t we auxiliary plane a 

S& the s S u'r 2 facI of'tKne are ^sTructed. The points o, 
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intersection S,/i and 5,2i with { r ^ B ‘ 0 ^t^5Tand I!* in which the 
projections /Ci and L, of the q r P 0 j ections K 2 and L 2 ot 

«£ -tip 

6. The use of an auxiliary conical surface fo^determinUig^he 
intersection points of a s P^. ce , C ^ ,- ace pas sed through curve AB 

2s “;j h s “Sr-", , h ....» »• 

be found. For this purpose stra g Throug h the traces, or 

S of cone and points > 1, 2, f these lines a smooth curve 

etSSflSK Stft&gi ft pftK “•* «■ ">• 2i '“ 

“”5S Slh TZSsS- ;»d »-.*»■ «f r “« 5SS 

obtained and the vertex of the eon*. are ^ and L jn 

^urve7/cut's these two generatrices, are the required points 

" ch curve AB pierces the given cone. 

Problems and Exercises 

points^o'tintersection'of'^th^suidaces^f sofid ^Hgures ^''straight 

—s With the surfaces of sohd 

''^rFfnd thefoinlfot intersection of lines AB and CD with the 
s Ur L aC Fit t htL P ^il d onnTe n rsec^ of lines ^ and CD with the 

surface of^theeUi[)tical^cone^shcnvn^in^Fig^346^ ^ thc sur[aceo[ 

the 7 an Find r the^oinlrof Interfectlon of curve AB with the surface 
of revolution, shown , ^i“ 8 - cylindrica | surface of intersection 

PaS rFind r °thfpoints ^intersection of line AB with the surface 
of revolution, shown in Fig. 349. 



Chapter X 

INTERSECTION OF SURFACES 


§ 39. Construction of the Intersection 
of Surfaces Using Projecting Planes 


1. The construction of points contained in lines in which surfaces 
intersect each other, also called transition lines, is carried out by 
introducing various auxiliary elements such as projecting planes, 
oblique planes and spherical surfaces. Transformation of projec¬ 
tions and oblique projection are also used for this purpose. The 
choice of the auxiliary method to be employed is determined by the 
form and position of the intersecting surfaces. 

The surfaces of two geometrical bodies may intersect each other 
in one or two closed lines. There is one line of intersection when 


the surfaces intersect only partially as if one surface “bites” 
another, as it were. 


into 


Two lines of intersection are obtained when the intersection of 
the surfaces is complete, in other words, when one surface pierces 
right through the other. The construction of the lines of intersection 
of the surfaces of two polyhedra consists first in finding the points 
of intersection of the edges of one polyhedron with the faces of 
the other. Then the points of intersection of the edges of the second 
polyhedron with the faces of the first are determined. Finally, the 
points found are joined by straight lines, taking into account the 
visibility of the separate sides of the polygon in which the 
surfaces of the polyhedra intersect. In more complex cases special 
procedures facilitate the task of joining up the points contained 
in the line of intersection of surfaces of two polyhedra. One such 
method is given in § 10. 

When determining the visibility of the portions of the lines of 
intersection of two surfaces the following rule should be kept in 
mind. If two lines are visible when projected onto some plane of 
projection, then their point of intersection is also visible when 
projected onto that same plane. The point of intersection of two 
lines not visible, or of one visible line with a hidden line, is not 
visible. 
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2 We shall now examine the case when a right regular hexagonal 

Of the six lateral edges of horizontal projections A l B l and 
cXoHh e ole C e e dg°es he within the limits of the horizontal projects 
of prism //• 



Fig. 350 


First find the points of intersection of thepal* an 

CD of prism / with the faces P " he jven edges. This plane 
auxiliary frontal plane a t K 1 & M/V and t | ie face 

« e »e‘ Vf° S cut at by a planfa 

SUr The f°ron P taf projections Mi and X 2 of points M and K are found 
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by means of the horizontal projections M x and K\. Then, by drawing 
lines M 2 N 2 and K 2 L 2 through M 2 and K 2 we find their intersection 
with projections A 2 B 0 and C 2 D 2 of edges AB and CD. These points 
of intersection are the frontal projections 2 2 , 4 2 , 7 2 and 9 2 of the 
points in which the edges AB and CD of prism / pierce the faces of 
prism //. The horizontal projections 2 t , 4 )t 7\ and 9\ of these points 
coincide with the horizontal projections of edges AB and CD, 
respectively. 

The other points contained in the lines of intersection of the 
prisms, i. e., points 1, 3, 5, 6, 8 and 10, can be obtained directly, 
without auxiliary constructions, since they are points in which the 
lateral edges ET, FR and GS of prism II intersect the lateral faces 
of prism /. which are horizontal-projecting planes. By passing pro¬ 
jectors from the horizontal projections / 1 , 3\ % 5\, 5 lt 8\ and 10 1 we 
construct the frontal projections 1 2 , 3 2 , 5 2 , 6 2 , 8 2 and 10 2 of points 
1, 3, 5, 6, 8 and 10. 

Points 1 2 , 2 2 , 3 2 , 4 2 and 5 2 , and also points 6 2 , 7 2 , 8 2 and 10 2 , are 
joined by straight lines, taking into account their visibility when 
projecting onto plane FI 2 the various sides of two pentagons in 
space in which prisms / and II intersect. The horizontal projections 
of the sides of these pentagons coincide with the horizontal traces 
of those lateral faces of prism / to which the sides belong. 

The axonometric representation of these two intersecting prisms 
is seen in Fig. 350, b. 


3. When constructing points of the lines of intersection of two 
curved surfaces with the help of projecting planes, both surfaces 
are intersected by a series of auxiliary planes. Sections of each 
surface given by one and the same plane are constructed. The 
intersection of these corresponding sections gives the required 
points. For instance, if a sphere and the circular cylinder inter¬ 
secting it are cut by a horizontal plane a (Fig. 351), then the in¬ 
tersection of the two circles obtained, which are sections of the 
sphere and the cylinder, gives points A and B contained in the lines 
of intersection of these surfaces. 

The construction of the intersection of two cvlinders bv means 


of auxiliary frontal surfaces is shown in Fig. 352. 

Since these planes are parallel to the axes of the cylinders, 
they cut the surfaces of the cylinders along generatrices. The points 

1 and 2 where the front generatrix of 
cylinder II intersects cylinder /, and also 
points 3 and 4. where the rear generatrix 
pierces cylinder I. are found directly. The 
horizontal projections 1\, 2 1 , 3i and 4\ of 
these points are contained in the horizon¬ 
tal projection of the lateral surfaces of 
Fin. 351 cylinder /. The frontal projections J 2 , 2 2 . 



S ttas s? »= 

of cylinder /, are also determined directly. 
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,n order to find points 5. 6 f/""mary 

the construction more con\ . /7 Having obtained points 

cylinder trace a, «S plane a Interns the horizontal 

5,, 7, and 6,, where ira i w linder / we construct the 

saiitB 

„ ?f,™'• «iti “l» >-'••• ol wllnd.. « ... *"J 
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extended to intersect the frontal projections of the corresponding 
generatrices in which this same plane cuts cylinder /. This gives 
us the frontal projections of points 5, 6, 7 and 8 contained in the 
line of intersections of the cylinders. A series of auxiliary frontal 
planes similar to plane u are drawn. This gives us further points 
belonging to the lines of intersection of the cylinders. Continuous 
curves are drawn through the points obtained. When drawing these 





lines the visibility of the various points projected onto plane /7 2 
should be taken into account. 

4. Intersecting cylinders are shown in Fig. 353, a. b. c. The 
cvlinders with horizontal generatrices in all three cases have the 
same diameter, but the cylinders with vertical generatrices have 
different diameters. Depending on the size of the diameters of 
cylinders with vertical generatrices the lines of intersection of the 
cvlinders are projected onto plane /7 2 either in the form of curves — 
hyperbolas (Fig. 353. a, b) — or as straight lines (Fig. 353. c ). 
In the latter case both cylinders are of the same diameter. Such 
cylinders may be considered as surfaces described about a sphere 
with its centre in point C and its radius equal to the distance from 
point C to the generatrices of the cylinder. The two plane curves — 
ellipses — obtained by the intersection of the given cylinders have 
two points in common with the surface of the sphere about which 
the two cylindrical surfaces are described. 

5. An example of the construction of the intersection of the 
two cylindrical surfaces making up a tee-pipe connection is shown 
in the multiview drawing (Fig. 354). The points used in the con¬ 
struction of this line of intersection, or transition, were found by 
using auxiliary horizontal planes u. fi and y. 

(i. The construction of the intersection of a cylinder and a cone, 
both axes of which are perpendicular to plane /7 1 (Fig. 355), was 
carried out by using auxiliary horizontal planes a, p and y to in¬ 
tersect the cone and evlinder in circles. These circles are projected 


cone cut by plane y. 



Fir. 354 


The intersection of the circle, which is the projection of the 

a V “• ?? th c 

b, . 

Fi to the frontal traces of the corresponding P lanes ^ a. 

The special points, the highest point M and lowest point N, art 
found wi P th the P help of plane 6 pasaed through the .«s of the 
cvlinder and cone The points of intersection of the left-hand (L. n.) 
and right-hand (R. H.) generatrices of the cylinder with su r ^ ce ° f 
the cone are constructed by passing planes <p and J through the axis 
of the cone and through each of the two generatrices of the cylinder. 
Then the generatrices along which these planes intersect the cone 
are found. This construction is shown for point a. 

7 Three cases of intersection of a cylinder with a cone are 
shown in Fig. 356. The three cylinders are of the same diameter. 
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Comparing the diameter of the cylinder with that of the circular 
section of the cone whose centre coincides with point C, 1 . e., with 
the point of intersection of the axes of the two bodies, it is seen 
that in the first case (Fig. 356. a) the diameter ot this section of the 
cone is smaller than the diameter of the cylinder, in the second case 
(Fie - 356 b) these diameters are equal, and in the third case 
v ’ (Fig. 356, c) the diameter of the 

circle of the cone is larger than that 
of the cylinder. The second case 
(Fig. 356, b) differs from the first 
and third in that a circle may be de¬ 
scribed from point C 2 to touch both 
the outline generatrices of the cylinder 
and of the cone. Therefore, the sur¬ 
faces of these two bodies are 
tangential to a sphere with its centre 
in point C 2 . These two surfaces inter¬ 
sect each other in two plane curves, 
0 ellipses, having two points in com¬ 
mon. 

8. The construction of the lines 
of intersection of the frustum of a 
cone with a sphere is shown in the 
multiview drawing (Fig. 357). 

Since the axis of the cone and the 
, vertical axis of the sphere are located 
in the same frontal plane, the points 
.4 and B of intersection of the R. H. 
Fig 355 and L. H. generatrices of the cone 

with the principal meridian of the 
sphere are determined directly. Points A 2 and B 2 are the frontal 
projections and /1| and B, the horizontal projections of these points, 
/I being the highest point and B the lowest point of the line of 

intersection of the cone and sphere. 

In order to construct points D and E , in which the front and 
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Fig 356 


rear generatrices of the cone intersect the sphere, profile plane p is 
drawn. This plane intersects the surface of the sphere in a circle 
with radius r', which is projected onto plane /7 3 in its true size. 
Therefore an arc of radius r' is described with point C 3 as its centre. 
This arc intersects the profile projections of the front and rear 
generatrices of the cone in points D 3 and £3. These are the boun¬ 
daries of visibility 



in the projection on 
plane /7 3 of the var¬ 
ious parts of the line 
of intersection. At 
the same time they 
are the points of 
intersection of the 
profile projections of 
the front and rear 
generatrices of the 
cone with the profile 
projection of the curve 
of intersection of the 
surfaces of the cone 
and sphere. Using 
points Di and £3 we 
find points D\, £ 1 , 

D 2 ^£ 2 . 

The intermediate 

constructe^by drawing a horizontal plane u to cut the sphere,ma 
circle of a radius r" and to cut the cone in a circle of a radius r . 
These circles are projected onto plane /7, as true views and their 
intersection determines the horizontal projections £, and G, of points 
F and G contained simultaneously in plane a and in the line 
of intersection of the cone and cylinder. Using points £1 and 1 
the points £2 and G 2 are found with the help of projectors drawn 
through F\ and G, to intersect trace a 2 of the auxiliary horizontal 

P,d The construction of the profile projections A 3 , fl 3 , G 3 and £ 3 . 
of points A, B, G and F is carried out as usual by constructing 
the third projection of the points using two of their known projec- 

10n Using other auxiliary horizontal planes, a series of intermediate 
points of the curve of intersection of the given cone and sphere 

^Wten^sufficient number of points has been found the projec¬ 
tions of the curve may be drawn through the corresponding projec¬ 
tions of the points. 
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§ 40. Construction of the Intersection 
of Surfaces by Means of Oblique Planes 


1 . An oblique plane passing through a line parallel to the edges 
of a prism, intersects the surface oi the prism along lines parallel 
to these edges, see Fig. 340, b. If we intersect two prisms by a 
plane a which passes through two lines, one of which is parallel to 
the edges of the first prism and the other parallel to the edges of 
the second prism, we obtain lines respectively parallel to these 
edges on the surface of each prism. 

These basic premises when selecting the most simple oblique 
section planes such as a, a', a", u'" and a"" for the construction of 
points contained in the lines of intersection of the two oblique 
prisms ABODE (!) and KLAhX (II). the bases of which are con¬ 
tained in plane /7,. see Fig. 358. 

Let us determine the direction of the horizontal traces fi, q i, pi, 
s, and of the auxiliary cutting planes which are parallel to the 
lateral edges of both prisms. Jake any convenient point Q and 
draw two lines through it. one. QM, parallel to the lateral edges of 
the first prism, the other. QAY, parallel to the lateral edges of the 
second prism. Having found the horizontal traces M and AY of these 
lines draw the trace MAY. This line MAY determines the direction 
required. 

The first auxiliary plane a is passed through edge A of the first 
prism. The horizontal trace f\ of plane a will pass through the 

horizontal trace (1 = 2) of this edge .4. The trace si of thejast 

auxiliary plane passes through the horizontal trace (9 = 10) of 
edge D of the prism. The other auxiliary planes lie between these 
two extreme planes. 

Certain parts of the second prism, which lie outside the space 
contained between planes u and u"" do not intersect the surface of 
the first prism. The areas of the horizontal projection of the base 
of the second prism, which correspond to these parts, lie below trace 
f, and above trace S\. They are indicated on the drawing by 
hatching. 

Plane u. passed through the lateral edge A of the_first prism. 


intersects the surface of the second prism along lines 1 -1 1 and 2-2 x 
parallel to its lateral edges. In Fig. 358 only the horizontal projec¬ 
tions of these lines are shown. The horizontal projection of edge .4 

of the first prism intersects the horizontal projections of lines 1-1 \ 

and 2-2\ in points 1- and 2\, respectively. These are the horizontal 
projections of the points of intersection / and 2 of edge A of the first 
prism with the suriace of the second prism. 

By drawing projectors from points 1\ and 2 X perpendicular to 
ground line Ox to intersect the frontal projection of edge A, we 


obtain the frontal projections h and 2* of points / and 2. In Fig. 358 
the projectors are not shown. 

construction! wtththe help olTlane P passed e/ge* we 

K-, 

c 2 A 2 D 2 B 2 C 



- — * - in fl2 

1) 1-3-7-9-5-J 

in fJt 

— — + + — - in P 2 

2 ) 2 - 11 - 6 - 10 - 8 - 4 - 12-2 

+ + — + + + tn n, 


FiR. 358 


obtain the points of intersection 9 and ,0 of this edge with the 

^ - “‘ ion ot these 
1 o i n 
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lines 3-3 and 4-4 with edges B and E gives points 3 and 4 and also 
points 5 and 6 of the line of intersection of the two given prisms. 

The planes a' and a'", passed through the edge C of the first 
prism and through the edge K of the second prism, determine two 
pairs of points, 7 and 8, and 11 and 12, belonging to the line of 
intersection of the prisms. 

After obtaining twelve points, contained at one and the same 
time in the surfaces of both the first and second prisms, join up 
these points to give two space polygons. The sequence in which 
the points are connected by straight lines is established with the 
help of the method of similar notations. 

In accordance with this method use projected points 1, 2, 3, ..., 
12 parallel to the edges of the prism onto the base of that prism 
(Fig. 358). The oblique projections of these points received on plane 
/7, will coincide with the horizontal traces of the lateral edges and 
lines along which the auxiliary planes intersect the faces of the 
prism. The oblique projections of the points on plane fli should be 
denoted in the same way as the corresponding points of the lines 
of intersection of the prisms. For example, the oblique projection 

of point 1 on the base of the second prism is denoted as 1 and the 
two coinciding projections of points 1 and 2 on the base of the first 

prism as 1 = 2 and so on. 

The sequence in which the oblique projections of these points 
are situated on the bases of the prisms corresponds to the sequence 
of the points on the lines of intersection in space. Therefore, we can 
determine the sequence in which the points should be joined in 
space by making the round of the oblique projections. The direction 
will be clockwise and we can start with any one of the points, say 

point /. So, beginning with points 1 on the base of each prism, we 
note down on paper the number 1 and_pass on to the nea_rest points. 

On the base of the first prism point 12 lies next to point 7_and on the 

base of the second prism we find the duplicate point 3 = 5. Having, 
established that the notations of these points differ, we bypass 

point 12 and_take the next point 3=4 on the base of the jirst prism. 
The points 3 = 4 and 3=5 have one common number 3. We then 
write down 3 next to /. Continuing the movement round_the bases 

of both prisms we find a common notation of points 7^8 and 7, so 
we write 7 next to 3. The next points with similar denotations are 

9^10 and 9. Consequently, we note down 9 next to 7. 

Still continuing this movement around the base of the second 
prism we come to the bottom hatched part of the base. For this base 
the d meet jo n should now be reversed, i. e., we must move towards 

point 3 — 5, which corresponds to the closed outline of the lines of in¬ 
tersection in space. Moving in this new direction we establish the 


similar notation 5 in points 5 = 6 and 3 = 5. Therefore after 9 we 
write down 5. Finally, by passing 11 we return to the initial points 
7 T =9 and again write down the common notation /. the 

H^f o^points'^on- 

tatae^hi tlfe^owr line^Mntersection^ofthe prisms are joined up 

S uStsssa k~S 

sequence"ts 2-//-6^/tT8-4-/2 °2. The Sn/point in tliis case was 

obhque ^n^^tVon^o'fVpofnt cont^ained^uTthelfnes {^intersection, or 

£«« p-ecps o" StjS 

i*f one o^both'oblique ^^o^ ^he^ints 

P ' 3 The^sitiMity°of^epa'r^te ‘parts of the iine of intersection of the 
prisms can be indicated by the signs + or -,t >> s™ •" £*■ 3 »j 
The visible parts are denoted by the plus sign and the t < 

ViSi The b p^oiecUon U s S o S f The lower line of intersection of the prisms, 
which is a plane pentagon 1-3-7-9-5 are not visile. T le projec ions 

the sides when projected onto planes /7, and // 2 . 

3. The construction of the intersection ‘^•^'‘■'^"‘if'thes™ 

intersection in Fig 3 41.^e and pyramid are not contained in 

i he drawn°to t ?ritersect < the* > latera^°surf I ace U of*the^pyramidYn tri|n^lj 
?-2tl andthelateral surface of the prism in the tetragon 4-5*7. 
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nlanes passing through line SM. This sheath of planes opens like a 

e n r; «* 

cut the surfaces of the 
prism and pyramid. On the 
surface of the prism these 
section lines are the lateral 
edges themselves, or lines 
parallel to them. On the 
surface of the pyramid the 
section lines are lateral 
edges or lines contained in 
the faces and passing 
through the vertex S. At the 
intersection of the horizon¬ 
tal projections of the 
respective section lines we 
find the horizontal projec¬ 
tions 8 \, 9 \, 10 \, 11 \, 12\, 13\ % 
14] and 75, of points con¬ 
tained in the line of inter¬ 
section of the prism and 
pyramid. 

The frontal projections 

S 2 , 9 2 , 10 2 , 11 2 , 12 2 , 13 2 , 142 

and 15 2 of these points are 
found by passing projectors 
through their horizontal 
projections. 

The sequence in which 
corresponding projections 
of the eight points obtained 
are joined up to form the 
two closed lines of intersec¬ 
tion, 8-12-10 and 13-14-11- 
9-15 , is determined by the 

* « * 1 f 


1/8 



inP 


inP, 
2113-!>• 11 9IS-I3 

• nP, 


Fig. 359 


method of similar denotations. For this purpose the points of 
intersection must be projected obliquely onto the bases of the two 

given bodies. 

4. When constructing the line of intersection of the surfaces 
of two oblique cylinders the most simple auxiliary planes are those 
drawn parallel to the generatrices of the cylinders (Fig. 360, a). 
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When the surfaces of a cylinder and cone intersect, the simple 
auxiliary planes are those drawn through the vertex 5 of the cone 
parallel to the generatrices of cylinders (Fig. 360, b). Finally, to 
find the intersection of the surfaces of two cones the most con¬ 
venient auxiliary planes are those which pass through the \ertices 

of the cones (Fig. 360, c). 




b) c) 


Fig. 360 


Similar auxiliary planes are used when cnnstrueling the jlmes 
of intersections of an oblique cylinder and a prisn . • 

and a pyramid, of a cone and a prism, of a con( r _ .. p - n each 
In every case these auxiliary planes give us sect,on I nes on each 
of the bodies. The intersections of these section lines gneus poi - 
contained in the lines of intersection of the two gi\en surfaces. 

5. An example of the use of simple auxiliary planes to determine 
the transition line of two curved surfaces is the construction of t 
intersection of the surfaces of the elliptical cylinc r , 

Fig The 1 direction of the horizontal traces of the auxiliary planes is 
determined as follows: Lines QM and QM' are drawn respectively 
through any point Q parallel to the genera rices oj the given cyl 
inders / and II. The horizontal traces of all the auxiliary p a 
cutting the surfaces of cylinders along the g 
parallel to the horizontal trace M,Mf of plane Qj 1 M • 

The trace k ] of the first extreme auxiliary plane is drawn as a 

tangent to the base of the first cylinder The trace <7,i of the other 
extreme auxiliary plane is drawn as a tangent to the base of th 
second cylinder. With the help of these two we obtain he 

pairs of points 1 , 2 and 20 , 21 on the line o ' , ^ . 

cylinders / and //. Other points on this line are fournl with the help 
of a series of planes situated between the first and the last planes 
Each of these planes gives us four points on the required line of 

intersection of the cylinders. , 0 Q 9/ 

Having the horizontal projections of points 1, 2, J . 21 \\c 

find their frontal projections by means of projectors and the 
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generatrices of the first cylinder, as shown in Fig. 361 by arrows 

for point 1 2 . it . .. 

Both the sequence of joining up the corresponding projections 
of the points of the curve of intersection and the visibility of 
separate points, when projected onto surfaces /7, and /7 2 , are 
determined by the method of similar denotations. For this purpose 



In n 2 -- +• ■+■ -h -h - ♦ -*• *■++■ + - 

1-3-8 -12-16-20-77-13-9-9-2-6-71-75-79-27-18-19-10-7-5-1 
In 17,- - — — + -ft-*- --- 

Fitl 361 


points 1, 2, 3 . 21 are projected obliquely onto the bases of the 

cylinders parallel to their generatrices. The notations of the points 
are written out in one row, 1-3-8-12-16-20-17-13-9-4-2-6-11-15-19-21- 
-18-14-10-7-5-1 . since the line of intersection of the cylinders is a 
single closed curve. 
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bodies is shown in Fig. 362, a tangent to the base of the first 



body in two points and is ^dj^fntersect ^ach "other in a single 
do"d e cu^ The intersection of the cylinders, shown in Fig. 361, is 

an TAuful'^ theTwo — auxUiary^lanes^re tangents 

Surfaces in e teriect n fn b two y dosed curves. This is case 2, an example 

of which is seen in Fig. 362, *• touches the bases of both 

When the trace of one extreme Pl«^"“ ane touches the base 

bodies and the trJ ! ce , of J* the base of the second, the two curves 

S £»• S*” ”• ’“" l An 

both bodies, the sur aces mt r ^ (he intersec t i0 n of the 

surfaces ^'"cylinders shown in Fig. 353, c. may serve as an 
example. 

constructions J^XolSiiSSItt£SS 
auxiliary planes were used latt |j r were taken as lying in one 

pl 0 a n ne° f The r construction of the line of intersection of two elliptical 
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cones, the bases of which are situated in different planes, is shown 
in Fig. 363. The base of cone / is contained in the horizontal plane 
of projection 77, and the base of cone // in a plane parallel to 77j. 
The auxiliary cutting planes are drawn through line ST joining 



Fig. 363 


the cone vertices, therefore these planes intersect both conical 
surfaces along their generatrices. 

Let us examine the construction of a point K belonging to the 
line of intersection of the cones. 
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Line ST and line SI. which cuts ST and passes through a point 
1 on the base of the second cone, determine the simplest auxiliary 
plane a. The horizontal trace of plane « P asse j= through the 
horizontal piercing point At, of line SI and through point T=*T, 
which is the horizontal projection of vertex of cone//. Point Q — Qi. 
at the intersection of the horizontal projection o the base of cone / 
with the trace M.r,, , s joined to point S, Point /, is joined to point 
T, These two straight lines are the horizontal projections of the 
eeneratrices SQ and Tl contained in plane a. The point Ku at the 
intersection of projections S.Q, and T,/, of these generatrices is 
the horizontal projection of point K- Having point K i, with the help 

of a projector we find point K 2 on T 2 h- „ 

Points L and F are found by a similar construction using 

auxma?y planes a' and a" passing through line ST* and through 

points A and B located on the generatrices T2 and T3 of cone // 

respectively. To simplify the drawing, when determining the projec 

tfonsX and fl 2 . the points A and B are taken so that the lines S 2 ^ 2 

’{hrou 2 ^ the corresponding projections of 

points K L F and of other points not shown in the drawing. These 
curves are the lines of intersection of the two given elliptic cones. 

§ 41. The Method of Spherical Sections 

1. If a surface of revolution, the axis of which is parallel to the 
nj a ne of projection, is cut by a sphere with its centre on the axis 
of revolution, the circle formed by the intersection of these two 
surfaces will be projected onto the given plane of projection a 
a straight line perpendicular to the corresponding projection of the 

aX,S Such e a 0 iase 0I is shown in Fig. 364. where a sphere (!) with its 
centre at C intersects a cone (II), a cylinder (III) and a surface 
of revolution (IV), the axes of which are parallel to the correspond¬ 
ing planes of projection and pass through the centre of the sphere 
C.The axes of the cone and cylinder are parallel to P lar Jf s /7l f 
n 3 It follows that the circles, obtained by the intersection of the 
cylinder and the cone with the sphere, are projected onto p anes /7, 
and n 3 as straight lines perpendicular to the projections of the axes 
The axis of the body of revolution IV is parallel to planes fji ar 
rio It follows that the circle of intersection of this surface with the 
sphere is projected onto ft and ft as a straight line, ir. each case 
perpendicular to the corresponding projections of the axis 

reV The i relationships outlined above can be used tor the construc¬ 
tion of the line of intersection of a cylinder and ® c .°"% the a “ s wn 
which are parallel to plane /7 2 and intersect in point C, as shown 
in Fig. 365. Let us assume point C as the centre of a sphere w 1 
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radius r and construct the frontal projections of auxiliary circles 
in which the cylinder and cone are intersected by the spherical 
surface. Both circles are projected onto plane I7 2 as straight lines 
A 2 B 2 and D 2 E 2 , respectively perpendicular to the frontal projections 
of the axes of the cylinder and cone. A 2 , B 2 , D 2 and E 2 are the points 
of intersection of the frontal projections of the limiting elements of 

the cylinder and cone with the circle 
of radius r in which the sphere is 
projected onto plane /7 2 . Since the 
auxiliary circles obtained lie on the 
surface of one and the same sphere, 
point 2 2 in which lines A 2 B 2 and E 2 D 2 
intersect, will determine the frontal 
projections of the two points 2 lying 
on the line of intersection of the 
cylinder and cone. 

Other auxiliary spheres can be 
described having the same centre C 
in order to find a series of points on 
the lines of intersection of the surfaces 
of the cylinder and cone. 

The frontal projections 1 2 and 4 2 
of points 1 and 4, in which the upper 
generatrix of the cylinder intersects 
the upper and lower generatrices of the cone, also lie on the frontal 
projection of line of transition, since these generatrices are situated 
in the same frontal plane passing through the axes of the cylinder 
and the cone. A curve is drawn through points J 2 , 2 2 , 3 2 and 4 2 . This 
is the frontal projection of the line of intersection of the cylinder 




Fig. 364 
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and the cone. The profile projection 2z-3z-l$-4$-3$-22 of the line 
of intersection coincides with the circle at which the surface of the 
cylinder is projected onto plane /7 3 . 

The horizontal projection of the line of intersection is construct¬ 
ed using the frontal and profile projections already obtained. Once 
points 1 2 and 4 2 are known points 1 \ and 4\ can be found with the 
help of projectors. 

It should be noted that the radius 
of the largest auxiliary sphere 
should be slightly less than the 
distance from centre C 2 to the frontal 
projection of the point on the transi¬ 
tion line farthest away from C 2 , in 
this case, 4 2 . The radius of the 
smallest sphere should be equal to 
the distance from centre C 2 to the 
frontal projection of the most distant 
generatrix. 


2. Let it be required to determine 
the intersection of a cone and an 
annular torus (Fig. 366). 

The basic points of the intersec¬ 
tion of the given surfaces lie at the 
intersection of the limiting elements 
of the cone with the outside 
generatrix of the torus. The highest 
point is y 2 , the lowest being 2 2 . 

The frontal plane passing through 
the axis of the cone is at the same time the plane of symmetry of 
the torus, so it is convenient to use spherical sections to determine 
intermediate points belonging to the line of intersection of the cone 
and torus. 

Let us subdivide that portion of the torus limited by planes a 
and ex'" into separate parts with the help of frontal-projecting planes 
a, a' , a", a'" passing through the centre O of the torus. These parts 
may be called “curved cylinders”. We can assume the surface of 
each part to be the surface of a right circular cylinder touching 
a curved cylinder in the circle of intersection of the torus by 
a plane. We are then able to construct the points of intersection of 
these straight cylinders with the cone. 

Let us follow through the construction of a point 3 2 belonging 
to the intersection of the cone and the cylinder lying between planes 
a and a'. The axis of this cylinder intersects the axis of the cone 
in point C 2 . With point C 2 as the centre we describe a circle, the 
radius of which is equal to the distance from C 2 to point K 2 in 
which trace a' 2 intersects the outside generatrix of the torus. This 
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circle is the frontal projection of the auxiliary spherical surface 
intersecting the cone and the assumed right cylinder contained 
between planes a' and a". The frontal projection of the circular 
section of the cone is line A 2 B 2 and it is perpendicular to the 
frontal projection of the axis of the cone. The frontal projection of 
the circle of intersection of the cylinder coincides with trace a 2 . The 
intersection of these lines gives point 3 2 contained in the frontal 
projection of the line of intersection of the cone and the torus. 

Point 4 2 is found in a similar manner by drawing a circle with 
radius CX 2 having C 2 as its centre. Point 4 2 lies at the intersec¬ 
tion of lines D 2 E 2 and L 2 0 2 . 

The construction of the horizontal projections 3\, 3' ly 4 j and 4\ of 
points 3, 3\ 4 and 4' is carried out by drawing the circular sections 
of the cone given by the horizontal planes, the frontal traces of 
which pass through points 3 2 and 4 2 respectively. From points 3 2 
and 4 2 projectors are drawn to intersect the horizontal projections 
of these circles. Having obtained points 5|, 3[, 4 1 and 4\ y we draw 
a curve through points 1\, 3\ y 4\, 2\, 4[ and 3\. This curve is the 
horizontal projection of the intersection of the cone and torus. 

§ 42. Transformation of Projections and Oblique Projection Used 

to Determine the Intersection of Surfaces 

1. The transformation of projections for constructing the inter¬ 
section of two surfaces, say a prism and sphere (Fig. 367), consists 
in obtaining a projection of the two surfaces in which the line of 
intersection coincides with the projection of one of the given 
surfaces, in this case, of the prism. This may be accomplished by 
successive revolutions of the given bodies about the corresponding 
axes, or by successive substitutions of the planes of projection. 

In the multiview drawing (Fig. 367) the problem is solved by 
substituting the planes of projection. Plane fl 2 is substituted by 
plane /7 4 perpendicular to plane 11\ and parallel to the lateral edges 
of the prism. These edges will be projected onto plane /7 4 in their 
true length. The second new plane /7 5 , perpendicular to plane /7 4 , 
is also perpendicular to the lateral edges of the prism. The prism 
is then projected onto this plane /7 4 as the triangle AsB 5 D 5 . The 
sides of this triangle represent the projection of the faces of the 
prism. The part ,4 5 5 5 of side of the triangle is the projection 
on plane /7 S of the arc of the circle in which face AB of the prism 
cuts the surface of the sphere. 

Similarly, A$6s is the projection on plane /7 5 of the arc of the 
circle in which face AD of the prism cuts the sphere. Since side 
B 5 D 5 of the triangle does not intersect the circle having C 5 as its 
centre, it follows that face BD of the prism does not cut the surface 
of the sphere. 

Let us now take a series of points on the sides AsB s and AsD$ 
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of the triangle and, using the method of inverse projection, find the 
projections of these points, first in the system of planes /7,-/7 4 and 
then in the principal system of planes of projection /7 1 -77 2 . Points 
5 and 6 are special points. The edge A of the prism intersects the 
sphere in points 1 and 2. Points 3, 4, 7 and 8 are intermediate 
points. 

The projections of points 1, 2, 3, 4, 5, 6, 7 and 8 on plane /7 4 are 
obtained by cutting the sphere with planes parallel to the plane of 
projection /7 4 . This construction is shown for points <? 4 , 4 4 and 
6 a . The projections of the points on planes fJ\ and /7 2 are found by 
means of their projections on planes /7 4 and /7 5 . It should be 
remembered that the distances of these points from the respective 
planes of projection remain unchanged. The two arcs of circles in 
which the sphere is cut by the prism faces AB and AD are project¬ 
ed onto planes /7 4 , /7i and fl 2 as arcs of ellipses. 

2. The construction of the intersection of two oblique prisms 
using oblique projection is shown in the multiview drawing 
(Fig. 368). The prisms are projected obliquely onto plane /7i in 
direction 5 parallel to the lateral edges DK, EL and FM of the 
second prism. 

The oblique projection of prism II on plane II x coincides with 
the orthographic projection K\L\M\ of its base KLM on that same 
plane 77,/The oblique projection of prism / on plane 77 1 is shown in 
the drawing by dots and dashes. The oblique projections of its 
vertices are found in the same way as the horizontal traces of 
oblique lines are found. This construction is shown for vertex A. 

The intersection of the oblique projections of the lateral edges 
of the first prism with the sides of triangle e., with the 

oblique projection of prism //, determines points 1 1 , 2\, 3 lt 4 U 5 1 , 6 U 

7, and 8 1 . These points are the oblique projections of points I, 2, 3, 
4 , 5, 6, 7 and 8, contained in the line of intersection of the prisms. 

By inverse projection points 1 1 , 2\, 34\, 5\ and 6 '! are found at 
the intersection of the horizontal projections of the oblique 
projectors with the orthographic projections on plane 77j of the 
corresponding edges of the first prism. In order to determine points 
7[ and 8 X two auxiliary lines 57 and PS are used. These lines are 
first drawn on _the oblique projection of the prism through the 

duplicate point 7| = £|. Then they are drawn on the projection of 
prism II on plane fl x . This construction is indicated by arrows. The 
frontal projections I 2 , 2 2 , 3 2 . 4 2 , 5 2 , 6 2 , 7 2 and 8 2 of all the eight 
points found are constructed by passing projectors through points 
7 1 , 2 1 , etc., to intersect the frontal projections of the respective 
lateral edges of the prism. 

3. The line of intersection of a cylinder and a pyramid (Fig.369) 
may also be constructed by the method of oblique projection of both 
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bodies onto plane 77, in direction / parallel to the generatrices of 
the cylinder. The oblique projection of the cylindrical surface 
coincides with the orthographic projection on plane 77j of the base 
of the cylinder itself. The oblique projection of the base of the 
pyramid coincides with the orthographic projection of its base on 
plane 77,. Next point Si, the oblique projection on plane fl\ of the 



vertex of the pyramid 5, is found. Point 5, is joined by straight 
lines with points and C, = C,. This gives us the 

oblique projection 5„4,B 1 C JL of the pyramid on plane 77,. The inter¬ 
section of the projections 5,4,. 5,5, and 5,C, of the edges of the 
pyramid with the ellipse, which is the oblique projection of the 
cylinder and coincides with the orthographic projection of the base 
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of the cylinder on /7 lt determines the oblique projections / 1 , 2\, 3 1 , 

4 1 , 5] and 6i of the points in which the edges of the pyramid inter¬ 
sect the cylinder. The inverse projecting of these points contained 
in the intersection of the cylinder and pyramid is carried out the 
same way as in the previous example (see Fig. 368). 


Problems and Exercises 

1. How is the line of transition, or intersection of surfaces of 
two polyhedra constructed? 

2. Describe how the method of similar notations is used to 
determine the intersection of two surfaces? 

3. What types of auxiliary planes are used when constructing 
points contained in the line of intersection of two surfaces? 

4. What is the procedure for constructing the intersection of 
two surfaces by transforming their projections? 

What is the procedure when using oblique projection for this 
purpose? 

5. Construct the intersection of the pyramid and the prism, 
shown in Fig. 370. 

6. Construct the intersection of the pyramids, shown in Fig. 371. 

Hint. In the first example (Fig. 371, a) the section planes used 

should be projecting planes. In the second case (Fig. 371,6) simple 
oblique section planes passing through the vertices of the pyramid 
should be used (Fig. 360, c). 

7. Construct the intersection of the following surfaces: a) a cone 
and sphere, b) two spheres, c) a cone and a cylinder (Fig. 372). 

8. Construct the intersection of the following surfaces: 
a) a torus and a cylinder, b) a cylinder and a prism, c) a cylinder 
and a pyramid (Fig. 373). 



Chapter XI 

AXONOMETRIC PROJECTION 


§ 43. General 

The orthographic projections of different objects completely 

determine thefr form, their dimensions, and their re^ 1 ^ p °^ ,on _ 
in space Such projections are convenient to use since two tiimui 

s?ons parallel to the respective axes of projection, the ground lines 

are shown without distortion while the tll,r ^ dl " iens t 
represented as a point. However, orthographic projections are not 

completely descriptive since they depict the objects not as one 
whole, but by means of their separate projections. From these drs 
" s it is necessary to imagine the reconstruction of the .form of 
the objects in space. That is why not only orthographic projections, 
but also axonometric projections, are widely used. 

The main advantage of axonometric projections consists in 

their clarity. Because of this, and also due to the inherent advantage 

of axonometric projections, i. e.. the ease with which measurements 
are made on the projections, they are gaining popularity m 
engineering In Fig. 374 a detail, the body ot a valve, is depicted 

bofh in orthographic (Fig. 374, a) and in . «“"°5 et a r “ P^'to 
(Fig. 374, b). The axonometric representation of an\ detail 

obviously’more descriptive. 

When constructing axonometric projections the objects are 
considered as being situated in a system of rectangular coordinate 
axes The objects, together with the axes, are projected onto a 
selected plane of projection. The latter is called the plane ot 
axonometric projection. The projections obtained on this plane are 
called axonometric projections. 

The projections of the coordinate axes on the plane ot 
axonometric projection are called axonometric axes. 

Fig 375 shows a plane of axonometric projection U arbitrarily 
located in respect to the trihedral formed by ‘he coordma e planes 
Oxz Oxy and Oyz. The axonometric axes Ox, Oy and U - 
obtained in plane /7' by projecting the rectangular coordinate axes 
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in the direction s, and the axonometric projection A' of point A. 

are also shown. ...... 

The projector s may be either perpendicular or inclined to plane 

77'. In the first case the axonometric projections are called 

rectangular and in the latter — oblique. The former are also 

referred to as right or right-angle projections. 



Fig. 374 


The rectangular and oblique axonometric projections also differ 
in the degree of distortion of dimensions. The factor, or index, of 
distortion or foreshortening is the ratio of the length of the 
axonometric projection of a line to the length of the line itself. 

Let the coordinate angle Oxyz (Fig. 376) be projected onto the 
plane of axonometric projection IT in the direction s. and let point 
O' be the axonometric projection of the point of origin O. Then line 
O'x' will be the axonometric projection of Ox. The lines O'y' and 





O'z' will be the axonometric projections of Oy and Oz. The ratios 
O'*' =p> =q and =r are the factors of distortion 

determining^the degree of foreshortening in the directions of the 

aXe La*us°take n a Hne AB in the plane Oxy, parallel to axis Ox Since 
parallel projection is used, the axonometric projection A^B is 

parallel to the axonometric axis O'x'. It follows that — - 


ov. 

Ox 


= P- 


When all three factors of distortion are equal 1 . e„ P-P- r - 
axonometric projection is called isometric projection and the scale 

used is an isometric scale. . , . 

Axonometric projection with two equal factors of distortion and 

the third differing is called dimetric projection, i. e t\vo 

measurements are equal. The scale used is a d 1 m . e 1r ‘ c j**. 16 , Metric 
are no equal factors axonometric projection is called tn metric 

projection, i. e., possessing three different measurements. The sea 

then used is called a trimetric scale. 

The direction of the projection for the construction 01 
axonometric projections is of considerable importance. This direc¬ 
tion should be chosen so that one axonometric projection gives a 
complete idea of the form of the object represented The direction 
of projection should not be perpendicular to any of ^coordinate 
planes, otherwise one of the coordinate axes will be projected onto 
plane FI' as a point and the axonometric representation will lack 

C 3 The plane of axonometric projection FI' should also be given 

a suitable position in space with respect to the c00rdl ™te P an ™ 
Oxz Oyx and Oyz. In rectangular axonometric projection plane/ 
must cut all three coordinate axes, otherwise the projectors 
perpendicular to FI' may cause one of the axes x y or z to be 
projected onto 17' as a point. They may also project two of he axes 
as a single line. For example, if plane /7' is perpendicular to plane 
Oxz and to axis Oz the axis Ox will be projected onto /7 as a point 
and the axonometric representation will not be 

sufficiently clear. . . 

In oblique axonometric projection, when the 

position of the plane of projection does not 

depend on the choice of direction of the projec- ^ 

tion and, conversely, the selection of the direction I 

of projection does not depend on the position I— 

of the plane of axonometric projection, plane 

[]' may be parallel to one of the coordinate axes 

or coordinate planes, or it may not intersect - 

all three coordinate axes. In oblique axono- Fir. 3,7 
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metric plane 77' is usually assumed as parallel to one of the 
coordinate planes. 

The relative positions of the plane of axonometric projection 
and the direction of projection in space determine the factors of 
distortion and the angles between the axonometric axes. 

The construction of a dimetric rectangular projection A' of point 
A with respect to the axes O'x', O'y' and O'z' inclined at angles? 0 , 
41° and 90° to the horizontal lines is shown in Fig. 377. The 
sequence of construction is shown by arrows. First, from point O' 
we lay off the value x along axis O'x'. Then parallel to the axis O'y' 
we lay off the value y. This gives us point A'*. Finally, along the 
vertical, upwards from point A \, the value z is laid off. This gives 
us the rectangular dimetric projection A' of point A. 


§ 44. The Elements of Rectangular Axonometric Projection 


1. The determination of the factors of distor¬ 
tion. If the projections are perpendicular to the plane of axono¬ 
metric projection 77' (Fig. 376) and point O' is the axonometric 
projection of point O, then line O'O is perpendicular to plane 77' and 
the lines O'x', O'y' and O'z' will be the sides of the right triangles 

O'x'O, O'y'O and O'z'O. Therefore: =cos«°; ~~ =cos p°; “j~ /= 

= cos y°. 

The left parts of the equations represent the factors of 
distortion: 


O'x’ 

Ox 





Therefore: cos a° = p; cos p° = p; cos \° = r. 

Let the coordinates of point O' be x, y, z (Fig. 378). Let the 
length of O'O be k, then 

x 2 + y 2 + z 2 = k 2 . (1) 


But x = k cos 6° 

z 



\ 



L 

\ 




Fir. 378 


y = k COS X°; Z = k COS (p°. 

Substituting these values of the coordinates 
of point O' in equation (1), we obtain 

k 2 cos 2 b° + k 2 cos 2 ),° + k 2 cos 2 q>° = k 2 and 

cos 2 6°+cos 2 ?° + cos 2 q)°= 1. (2) 

So the sum of the squares of the cosines of 
the angles made with the coordinate axes by 
the line O'O passing through the origin of 
the coordinates is equal to unity. 

The line O'O (Fig. 376) forms angles 
a p jT. and Yi with axes Ox. Oy and Oz. 


Tiiis point . 4 | is called the secondary projection. 
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These angles are complementary to angles a° p°, Y°- Jn F>g- 3/6 
the only notation of these angles shown is that of the angle a, 

between the ground line Ox and the line O O From what has been 

said it follows: 

_ _9 o i rnc2 v° — 1 ( 3 ) 


since 


we have 


Hence, 


But 


cos 2 a[ 4 -cos 2 Pj + cos 2 y, — 1 , 

a o = (90 ° _ a j ), p° = (90° - p,°). Y° = ( 90 ° “ y'l > • 

cos aj =sin a°; cos ft = sin p°; cos Yl ° =sin Y °. 

sin 2 a° + sin 2 p° + sin 2 y — 1- 


(4) 

(5) 


sin 2 a ° = l —cos 2 a°; sin 2 p°= 1 — cos 2 p°; sin 2 Y °= 1 -cos 2 V °. (o) 

Substituting (5) in (4) we obtain 

cos 2 a° + cos 2 p°+cos 2 Y ° = 2. 

It has already been demonstrated that cos u — P» cos p — q, 

^Therefore* p 2 + q 2 + r 2 = 2 , i. e., the sum of the squares 
of T the factors of distortion in a rectangular 

3 X Ina° Hght'isometric Intern ^distortion i** 0 ™?}?** ^ 3^9 
axes are equal to each other: p = q = r. Therefore, 3p 2 -3? -dr — 

It follows: p = /7 = r= l/4 =°- 8165ss °- 82 - f 

Because of this in a right isometric system, the lengths of 
projections of parts’ of lines, i. e.. of segments located 
x, y and 2 or parallel to them, are equal to 0.82 of the real lengtn 

° f l In a'lightimetrhfa?system^of projections the d'stQrUon ^ac^ors 
p and r along axes * and 2 are taken^as equal while the factor q 

along axis y is assumed to be equal to — = — ■ 

Therefore, we have: 


hence. 


g 

p 2 + ip 2 + p 2 = 2 , or p 2 =-; 


p = r=|/j = =0.9428 = 0.94 


and 


P_ _ 


0.9428 


= 0.4714*0.47. 
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2. The determination of the angles between a x o- 
nometric axes. The triangle x'y'z' given by the intersection 
of the plane of axonometric projection /7' with the coordinate planes 
is called the trace triangle (Fig. 376). It is easy to determine the 
angles between the axonometric axes with the help of the trace 
triangle. , 

In right isometric projection p = q = r. Therefore, cos a°=cos p°= 
= cosy 0 which means that when the angles are acute they them¬ 
selves are equal, i. e., a° = p°= y°. 

The line segment O'O is one of the sides of the right triangles 
O'x'O, O'y'O and O'z'O. Therefore: 

O'O —Ox'- sin a°; 0'0 = Oy'• sin p°; O'O — Oz 1 • sin y°. It follows 
that when angles a°, p° and y° are equal, the line segments Ox ', Oy r 
and Oz' are also equal in length. 

Since Ox', Oy' and Oz' are the sides of the other three right 
triangles xOz, xOy, zOy, the hypotenuses xy, xz and zy of these 
triangles are also equal to each other, so the trace triangle is an 
equilateral triangle. 

Angles x'O'z', x'O'y' and z'O'y' are also equal, since their sides 
O\x', Oyy' and O^z' coincide with the altitudes of the equilateral 
triangle. Each of these angles is 120°. 

It follows that in isometric right projection the 
angles between the axes are 120°. When these axes are 
being constructed it is usual to make axis O'z' a vertical (Fig. 379). 

In dimetric right projection the distortion factors p and r are 
equal and we have cosa°=cosY°. This means that the angles a° 
and y° are also equal (Fig. 376). 

But O’O — Ox • sin a°; 0'0 = Oz • sin Y °. 

Hence 0'x' = 0'z'. With OV= 1 and 0'z'= 1 we obtain x'z'=y 2. 

Once the distortion factors for dimetric right projections have 

2 1/2 

been determined it can be established that p = r = —^—. There¬ 

fore, 0'x' = 0'z'= 

Since segments O'x' and O'z' 
arc equal, it follows that the sides 


Fi R 379 Fig. 380 
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x'y' and y'z' of the trace triangle x'y'z' are also equal, i. e., this 

triangle is an isosceles triangle (Fig. 380). , , , . . 

The altitude O'A' divides the side x'z' of the triangle xyz into 

two equal parts, A'x'=A'z'; but x'z =V2, therefore A x = ~ 

and A'z'= . 



Triangle A'z'O' is a right triangle, therefore we have: 

1/9 2 V 2 

sin 6° = A'z': 0'z' = =0.75. 

The angle 6° whose sin 6° = 0.75 is 48°35'. The angle x O z = 
= 2 6° = 48°35 7 X 2 = 97° 1 O'. 

Angle A'O'B' is complementary to angle 6. But angle A'O'B' \is 
equal to angle C'O'y'. Since 6° = 48°35'. it follows that angle 

A'O'B' = angle C'O'u' = 90° — 48°35' = 41 °25'. 

Summing up, the angle between axes O'z' and OV (Fig. 381) 
is 97°10 / , the angle between axes O'z' and O'y' is 131 25 , and the 
angle between axes O'x' and O'y' is also 131°25'. Since the axis 
O'z' is usually taken as vertical it follows that in relation to the 
horizontal line B'C', axis O'x' makes an angle of 9/ 10 -90 =■ / 10 
(roughly 7°) with B'C', and axis O'y' makes an angle of 
131 °25' — 90° = 41 °25' (roughly 41°) with B'C'. 

The construction of the dimetric axes is carried out as follows 
First, the line AB is drawn (Fig. 382) and on it point O is marked*. 
This will be the axonometric projection of the coordinate axis, rrom 
this point axis O'z' is erected perpendicular to AB. Then on the 
straight line AB, to each side of point O', eight equal segments 
of any suitable length are laid off. From the left point o a 
perpendicular to line AB is erected. On this line one of the 
segments is stepped off. From the right-hand point 8 a perpen¬ 
dicular to AB is erected and seven segments are stepped off on 
it. The points / and 7 obtained in this way are joined to point U 
by straight lines. These are the axes O'x' and O'y in the 
rectangular dimetric projection. This method is based on the 
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construction of an angle by its tangent (tan 7°10'= 

8 

tan 41°25'= i). 

8 


Eight different ways in which the axonometric semi-axes can 
be seen in the various octants, depending on the position of the 
observer’s eye, are shown in Fig. 383. If the eye of the observer is in 



the 1 or 4 or in the 6 or 7 octants, 
the axis O'x? will be directed to 
the left of point O' and the axis 
O'y' to the right of it. When the 
observer’s eye, i. e., the point of 
sight, is in one of the rest octants. 



Fig. 383 


Fig. 384 


2, 3, 5 and 8, the axis OV falls to the right of point O' and axis O'y' 
to the left. 

In Figs. 379 and 381 the direction of the axes O'x' and O'y' cor¬ 
responds to the case when the point of sight is in the 1 octant. In 
Fig. 382 the point of sight is in the 5 octant. 


§ 45. The Construction of Rectangular Axonometric Projections 

When constructing axonometric projections it is necessary to 
remember that the foreshortening or distortion dealt with in the 
previous paragraph concerns only those lines which lie on axes 

i iiT H u nd ^ z '' or ,ines which are parallel to these axes. The 
length of the axonometric projections of lines which are not parallel 
to the axes may be determined by constructing their extreme points 
by means of their coordinates. 

The J ons ^ ruc ^ on °f the rectangular dimetric projection A' of 
pomt A by its given coordinates x, y, a is shown in Fig. 377. Using 
nis technique it is always possible to construct the axonometric 
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projection of any object from its multiview drawing, assuming 
that the distortion of factors for the axonometric axes are given. 

The representation in rectangular isometric projection of tri¬ 
angle ABC given in the multiview drawing by projections A ] B i C { 
and A 2 B 2 C 2 , is shown in Fig. 384. The construction is as follows: 
first, the axonometric coordinates x / , i/, z' of the vertices of the 
triangle are determined by multiply¬ 
ing the true coordinates *, y. z by 
0.82. Then, using the coordinates x' 
and y' of the vertices A, B and C, their 
secondary horizontalprojections/tf.Bf 
and C\ are constructed. Finally, from 
these points the values zA, zB, zC 
are laid off. The points A', B' and C 
obtained are the axonometric projec- x‘ 
tions of the vertices of the given 
triangle ABC. The triangles A'B'C' 
and A\B\ C' are respectively its 
axonometric and secondary projec¬ 
tions in the rectangular isometric 

projection. 

The construction of the line of 
intersection K'L' of triangle A'B'C' 
with the parallelogram D'E'F'M' in 
the rectangular dimetric projection is shown in F.g.385 Jus as in 

the multiview drawing the construction is carried out with the 

help of auxiliary section planes. The point of intersection A oi ^ 
side A'B' of the triangle with the plane of the parallelogram is 
constructed by using the horizontal-projecting plane u, drawn 
through side A'B'. Trace af coincides with the secondary projection 
A' B' Point K' lies at the intersection of line A B and line / - 
obtained as the result of intersection of plane a with the plane 01 

tHe Point 1 L^oTTine K'L' is obtained with the help of a similar 
horizontal-projecting plane p passing through one side E F of he 
parallelogram. Point L' is given by the intersection of the section 

line 3'4' and line E'F'. . 

The visibility of portions of the intersecting figures in the axo¬ 
nometric representation is established, as in the multiyiew drawing, 
by comparing the coordinates of separate points (see § 23, 

Flg Let us consider some examples of the construction of axono¬ 
metric projections of various geometrical figures and details such 
as encountered in engineering drawing. 

1. The construction of the isometric projection of a cube 
’ (Fig. 386) is started by drawing the axis O 2 . At an angle of 1-0 
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to O'z', or at an angle of 30° to the horizontal, the axes O'x' and 
Oy are then drawn, this is stage a seen in Fig. 386. 

Then we construct the projection A'B'C'D' of the top face of the 
cube ABCD (stage b). Along axis O'x' from point O' we lay off 
0'B' = A'B' equal to 0.82 of the length of the edge AB. Along axis 
O'y' from point O' we lay off O'D' = A'D'=A'B'. 

Through the points B' and D' 
obtained we draw lines parallel to 
axes O'//' and O'x'. These lines 
intersect in point C'. The rhomb 
A'B'C'D' is the isometric projec¬ 
tion of the top face ABCD of the 
cube. 

Let us construct the projection 
A'B'F'E' of the face ABFE lying 
in the plane z'O'x' (stage c). For 
this purpose we lay off down¬ 
wards from point A', along axis 
O'z' the foreshortened length of 
the edge of the cube. The factor is 
0.82. From point B' parallel to O'z' we lay off B'F' = A'E'. We then 
join point E' with points A' and F', and point F' with point B'. The 
rhomb A'B'F'E' is the isometric projection of the lateral face 
ABFE of the cube. 

In a similar manner we construct the projection A'D'J'E' of 
the second lateral face ADJE of the cube (stage d). 

The hidden edge of the cube is not shown. In axonometric 
representations hidden outlines are generally excluded in order not 
to make the drawing too complicated. The faces of the cube in its 
isometric projection appear as rhombs, which are all the same in 
form and size. The outline of the complete projection of the cube is 
a regular hexagon. The axonometric axes and factors of distortion 
along these axes may be shown apart from the axonometric projec¬ 
tion as, for example, in Figs. 388 and 389. 

2. In order to avoid the large number of arithmetical computa¬ 
tions involved in measuring the length of the various segments of 
straight lines and multiplying these numbers by the distortion 
factor (in this case 0.82), an angular scale may be used 
(Fig. 387). Such a scale is based on the proportional division of 
lines of different lengths, which form an angle with each other. 

To construct the required scale a horizontal line 100 mm long 
is drawn. Another line 82 mm long is drawn to form any convenient 
angle with the first line. The ratio of the length of these lines is 
82: 100 = 0.82. Having divided the horizontal line into 10 equal 
segments or parts and denoting the points of division as 10, 20, etc., 
we join the extreme points 100 and 82 by a straight line. We then 



Fig. 386 
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pass a series of lines parallel to line 100-82 through the points of 
division. These parallels divide the second line into 10 equal parts. 
The length of each segment received will be 00.82 of the length of 
each segment of the horizontal line. 

In order to determine the length of the axonometric projection 
of any line a segment of the same length is first laid off from point 


Elmm 



F on the horizontal line. Then through the point K obtained a line 
KL is drawn parallel to lines of the scale. The segment FL gives 
the required length of the isometric projection of the original line. 
Angular scales may be constructed to give any degree oi 
foreshortening, including, of course the dimetric iactors of distor¬ 
tion 0.94 and 0.47. 

3. The dimetric projections of a cube are built in 
the same sequence as isometric projections. In Fig. 388, a a cube in 
the dimetric projection is shown. The factor of distortion or 

foreshortening along axis y' is 0.47. 

Distortion factors are often rounded off by using a factor equal 
to unity instead of 0.94 along axes O'x' and O'z' and along axis 
OV 0.5 instead of 0.47. 

When rounded off distortion factors are used the representation 
is called a reduced pictorial representation (Fig. 388, b ). If the 
lengths of the edges of the cube, seen in Mg. 388, a, are compared 
with those of the edges of the cube in big. 388, b, we find that the 
dimetric representation of the cube seen in Fig. 388, b is drawn to 
a larger scale, i. e., 1 : 0.94, or 1.06 : 1. 



Fig. 388 
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In the dimetric projection of a cube two of its faces, the front 
and rear, parallel to the coordinate plane xOz are rhombs with 
angles 83° and 97°. All other faces are parallelograms with angles 
of 49° and 131°. 


4. When the face of an object shown in axonometric projection 
is an irregular polygon, it is advisable to inscribe this polygon 


A 2 =B 2 E 2 CfD 2 ,F 2 



c' 



within a rectangle, the sides of which are parallel to the coordinate 
axes. This method is used when constructing the representations 
of a prism in isometric and dimetric projection (Fig. 389). After 
constructing the projection A'B'C'F' of the rectangle ABCF we find 
the axonometric projections E' and D' of points E and D by means 
of their coordinates x and y. Then from points A', B\ C\ D ' and £' 
we drop straight lines parallel to axis OV. On these lines we lay 
off the length of the lateral edges taking into consideration the 
distortion factor along axis O'z '. The points thus obtained are 
joined by straight lines. 




5. The isometric projec¬ 
tion of the object shown 
in Fig. 390 is constructed 
in the following sequence. 
First, a parallelepiped is 
drawn, then its left part 
is eliminated, and finally 
the top shoulder is drawn 
in. 


6 . The axonometric pro¬ 
jection of a polyhedron, 
such as the irregular 
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nvramid shown in Fig. 391, should be built by using the 
coordinates of its vertices. The construction is simplified due to 
the fact that the vertices A, B and C of the triangular base of the 
nvramid and the foot, or lower point D , of the line oi altitude are 
aH contained in the coordinate plane xOy. Having constructed the 
fsometric axes OV. O’y' and OV, we then find the axonometric 



Fia 391 


projections A', B' and C of the points of the triangular base. For 
this purpose using the multiview drawing, we determine the 
coordinates of the points /l. B and C. Then, using the angular scale 
(Fie. 387), and by means of the values of * for points A, B and , 
we find the axonometric values of these points These segmei 
are then marked off from point O' along axis OV From the pom s 
obtained on axis OV we lay off on lines parallel to axis O y the 
va ues 2' for the vertices. The latter are determined by measuring 
Ihe values /for points A. B and C in the multiview drawing 
and reducing them by means of the corresponding anguiar scale^ 

Points A' B' and C' are joined by straight lines. I Ik “'.mg 
A'B’C is the isometric projection of the base of the pyramid ABC 
Point D' the isometric projection of the foot of the line oi 
altitude so’ is constructed in a similar way. Through point D 
upwards we draw a vertical and lay off on it the foreshortened 
Xtude o the pyramid (the factor is 0.82). This gives us point 5 . 
he. the iLme,?fc projection of the pyramid vertex S,We: in^h the 

construction of the isometric representation of the pyramid by 

joining S' with points A . B and C by straight lines. 

7 When the outline of the lower part of the object is more 
complicated than its upper part, it is advisable to begin the 
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axonometric by choosing a point of sight so that the object is 
viewed from below. This corresponds to the case when the eye of 
the observer is in one of the octants 3, 4, 7 or 8. In Fig. 392 an 
example of such a construction in dimetric projection is shown. 
The direction of the axes xy' and z' indicate that the observer’s 
eye is in the 8 octant. 




Fig. 392 



8 . It should be noted that the axonometric projection of an 
object may be also constructed directly in the multiview drawing 
by rotating the object successively about two axes or by projecting 
it onto new planes of projection. 

The construction of the isometric and the dimetric projections 
of a cube is shown in Figs. 393 and 394. The isometric projection 
of the cube was obtained by substituting the planes of projection 
n x and n 2 by new planes /7 4 and /7 5 . The dimetric projection of 
a cube was obtained by successive rotating of the cube about two 
axes. The first axis coincides with one of the lateral edges of the 
cube and the second passes through the left vertex of the base and 

is perpendicular to plane /7 2 . 

9. The circles inscribed into 
the cube faces in isometric pro¬ 
jection become ellipses inscribed 
in rhombs which are themselves 
the isometric projections of the 
faces of the cube (Fig. 395). 

The centres of these ellipses 
lie at the intersection of the 
diagonals of the rhombs. The 
major diagonals B'D\ B'E ' and 
E' D' of the rhombs are respec¬ 
tively perpendicular to axes O'z', 
O'x' and O'y' and are equal to 
the true lengths of the diagonals 
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of the cube (see Fig. 385). It follows that the major axes of the 
ellipses l'-2' 5'-6' and 9'-10', which coincide with these diagonals, 
are of the same length as the diameters of the circles inscribed in 

the faces of the cube. . 

The minor axes 3'-4', 7'-8' and ll'-12' of the ellipses coincide 

with the minor diagonals of the rhombs and are perpendicular to 



Fig. 394 


the major axes of the ellipses. The minor axes of the ellipses are the 
isometric projections of lines, each of which is perpendicular to 
the two edges of the cube, which it intersects. In the isometric 
projection each axis lies on the same straight line as do these two 
edges So the direction of the minor axis of any of the ellipses 
is parallel to the axonometric axis, that is perpendicular to the 
plane in which the given circle lies. 

The minor axes of the ellipses are equal in 
length to 0.57 of the diameters of the circles 
inscribed in the faces of the cube. This may be 
readily seen if we consider the right triangle S'B'C' (Fig. 395). 
where C'S^B'S '-tan 30°. It follows that 2 C S = 2B S -tan 30 or 
A'C' = B'D' • tan 30° and A'C'= 0.57 B'D'. Since axis 3-4 is 


perpendicular to B'D', then the 
same ratio 0.57 exists between the 
minor axis of the ellipse and dia¬ 
meter of the circle inscribed in 
the face of the cube. 

It may be seen from Fig. 395 
that in each of the three ellipses, 
besides four points which are the 
extreme points of the axes of the 
ellipse, there are also four points 
where the sides of the rhomb are 


tangential to the ellipse. These 
points K', L', M', N', P , Q',T , W 
and R' are located on lines par¬ 
allel to the isometric axes and are 
projections of the points of contact 
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of the edges of the cube which are tangential to the circles inscribed 
in the various faces. 


10. The construction of the ellipse having its centre in point 
S', which is the isometric projection of the circle inscribed in the 
top face of the cube, is shown in Fig. 396. First a line S'A' is drawn 




parallel to the axis O'z'. This line determines the direction of the 
minor axis of the ellipse l'-2'. The length of this minor axis is 
equal to 0.57 d , where d is the diameter of the circle. The major 
axis 3'-4' of the ellipse is perpendicular to the axis l'-2' and the 
length of this major axis is equal to d. Further, through centre S' 
of the ellipse lines 5'-6' and 7'-8' are drawn respectively parallel 
to axes O'x' and O'y'. The length of each of these lines is equal to 
0.82 d. The ellipse is then drawn through the eight points obtained. 

The other two ellipses, with centres in points S‘ and S' n which 

are the isometric projections of the circles in the coordinate planes 
zO.x and zOy, are constructed in a similar way. The major axis of 
the left ellipse is perpendicular to axis O'y' and the major axis of 
the right ellipse is perpendicular to axis O'x'. 

\\ hen a circle does not lie in a coordinate plane or in a plane 
parallel to a coordinate plane, the ellipse may be constructed by 
using the coordinates of a series of points taken on this circle. 

11. Isometric projections are often constructed without using 
the factor of distortion 0.82 to foreshorten dimensions along the 
axes Ox', Oy' and Oz'. In this case the lengths of the axes of the 
ellipses — the isometric representation of the circles lying in the 
coordinate planes, or in planes parallel to them, — are determined 
as follows, lor the major axis, 1 :0.82= 1.22 of the diameter of the 
circle and for the minor axis, 0.57 :0.82 = 0.7 of the diameter of the 
circle. 
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12. The dimetric projection of a cube with circles inscribed in 
its faces is shown in Fig. 397. The front and rear faces of the cube 
are seen as rhombs and the other faces as parallelograms. The 
mfnor axes of the ellipses are parallel to the respect.ve dimetnc 
axes whereas the major axes are perpendicular to the minor axes^ 
The lengths of the major and minor axes of the ellipse depend 
on whether the circle lies in a top. lateral or 

the scale to which the dimetric projection is dra*n Jf the ^ ,r T (?t £ 
projection of the cube is foreshortened using the factor 0.94 in the 
diriction of the axes OV and OV and 0.47 in the direction of axis 
OV then the major axis of each of the ellipses is equal to the 
diameter of the circle itself. If the dimetric projection is constructed 
without foreshortening along axes O'x' and Oz . but is foreshortened 
alonp axis OV using the factor 0.5. then the major axis oi tacli 
of th g e three ellipses if equal to 1 : 0.94 = 1.06 of the dieter. The 
minor axis of an ellipse, located in the coordinate plane * Ox . i- 
equal to 0.88 of the length of the major axis. The minor axis of 
ellipses located in planes x'O'y' and z'O'y' is equal to h of the 

^"The^a'tio'oMl^^engths of the major and minor axes of the 
in i . a oo mav be easilv obtained if we consider the ri fe ht 

fl S F'S'l' wTere sV' = 5;£'.tan 4 1 '25'-0.88 S;£'. lHollows 

IWs*wwrdinate 

H equa'l SW K? axis is 

^° 0 Si:^ O'K and OK. J e. het.een the 

as th'^relationship between Z minor 

VK : =sin Y » = y 1 -cosV. The value cos Y ° is the factor of distor- 

OK o l/o O'K 

tion r along axis OV, but since r=— 3 —. it follows that QJ< - 

= l/l-- = 1 • 

Besides the extreme points of the axes for each ellipse in the 
dimetric projection of a'cube (Fig. 397, we have another^our 

points: K] A M' and AT lor the ^^"^ o'the^ont eXse. 

Each'of these no SfisThe mid pofnt Sf the corresponding side of 
fhe l?homb or Parallelogram and represents the dime nc projection 
of the point in P which the circle touches the edges of the cube. 
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13. The construction of the ellipses, which are the dimetric 
projections of circles lying in the coordinate planes zOx, xOy and 
zOy, is shown in Fig. 399. To construct the top ellipse we take a 
point S' as its centre and then draw a line S'A' parallel to axis 
O'z'. Assuming this as the line of the minor axis we draw, at right 
angle to it, the line of the major axis of the ellipse. The length of 




the major axis is taken as equal to 1.06 of the diameter of the circle, 
the scale being 1.06:1. By laying off along the major axis, to 
both sides of point S'. 0.53 of the diameter of the circle we obtain 
points 3' and 4'. Next, by laying off from point S' upwards and 
downwards along axis O'z ' '/ 6 of the length of the major axis we 
obtain the extreme points of the minor axis of the ellipse, i. e., 
points 1' and 2'. Then, through that same point S', we draw lines 
respectively parallel to axes O'x' and O'y'. On the first line, at a 
distance from point S' equal to the radius of the circle, we obtain 
points 5' and (>'. On the second line at a distance from point S' 
equal to one half of the radius of the circle we obtain points 7', 8'. 
The upper ellipse is drawn through the eight points found in this 
way. 

The ellipse with its centre in point 5,', is constructed in a 
similar manner. 

When constructing the ellipse with its centre 5,’on the lineS'#', 
which determines the direction of the minor axis, we lay off not 
Va. but 0.88 oj the length of the major axis of the ellipse, and both 
13'-14' ami 15'-16' are taken as being equal to the diameter of the 
circle. 

14. Now let us consider the construction of the 
isometric and d i m e t r i c projections of a cylinder, 
a cone and a s p here. 
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Fig- 400 


After constructing the isometric projection of the top of the 
cylinder (Fig. 400), from the extreme points of the major axis oi the 
ellipse we draw two vertical lines and lay off on them downwards 
segments equal to 0.82 of the altitude of the cylinder After this we 
draw one half of the lower ellipse which is the isometric projec ion 
of the base of the cylinder. To construct the half ol the lower ellipse 

on the front part of the top ellipse we 
take a series of points and drop verticals 
from them. On these verticals we mark 
off 0.82 of the height of the cylinder. 

The half of the lower ellipse is obtained 
by drawing a curve through the points 
obtained. 

The isometric projection of a cylinder 
with its axis in a horizontal position 
(Fig. 401) is begun by constructing 
the right-hand end. In this case the 
ellipse is drawn with the help of chords 
of the circle. One of the diameters par¬ 
allel to one of the coordinate axes. ,, , . n r 

sav Ou is divided into a number of parts and through each ol 
the points obtained chords perpendicular to ‘he *m s are drawn; 
Having constructed the axonometric projection A B I of this' dl ^eter 
AB we divide it into the same number of parts and draw through 
the point! division a series of straight lines m the direction of 
the chord of the circle, in this case parallel to axis Oz On the. 
lines, to both sides of the isometric projection of the d'ameter 
lay off 0.82 of the length of the corresponding semi-chords of 
circle The ellipse is then drawn through the points obtained. 

The outline generatrices of the cylinder and the visible part of 
the left end of the cylinder should be drawn as shown in I ig. 0 . 

15 An example of the construction of a dimetric projection of 
a detaU consTsting of two vertical cylinders with a hrough 
cylindrical bore, is given in Fig. 402. In the mult, view drawing 
in accordance with the rules of working sections in eng:sneering 
drawings, half of the view is shown alongside half of the \crtical 

section. 
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In order to show the complete form of the detail in the dimetric 

projection part of it has been removed. 

We first construct the dimetric projection of the top of the lower 
cylinder by means of chords. In Fig. 402 only the construction of 
points 1 and 2 is shown, these being the extreme points of the chord 
passing through point A. The dimetric projection / -2 of* this 
chord parallel to axis O'y', has been reduced to half the size of 



a) b) 

Fig. 402 


the chord 1-2. Having constructed the ellipse, which is the dimetric 
projection of the top of the lower cylinder, we draw in the outline 
generatrices of this cylinder. Next we draw in the visible part of 
the ellipse which is the dimetric projection of the base of cylinder. 

The construction of the dimetric projection of the top cylinder 
is begun by constructing the upper face. To find the dimetric 
projection of the centre S' of this ellipse, from point C', which is 
the centre of the ellipse which was constructed first, we lay off the 
length of the generatrix of the upper cylinder. The ellipse with its 
centre at point S' is also constructed with the help of chords. In 
Fig. 402 the construction of points 3* and 4' is shown. The ellipse 
representing the upper circle of the bore is constructed in the same 
manner. The centre of this ellipse is again point S'. 

Having constructed the dimetric projection of the detail, we 
eliminate the right-hand front part cut by the coordinate planes 
x'O'z' and y'O'z'. Points 5' and 8' are given by the intersection of 
the lower ellipse with axes O'y' and O'x'. Points 9', 10', 11' and 12' 
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are given by the intersection of 

through their common cen [ re ^ corresponding dimetnc axes 
respectively. Lines P arallc t * oints obtained and through points 
should be drawn through the P found in the same way. Tins 
13' and 14', 15' and 16 which *ere found m alc plane , 

gives us the outlines ol the sections cui o> 
x'O'zf and y'O'z'. 
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After the removal of a portion Ui^visWe 

of the cylindrical bore becomes _ , on t!ie corresponding 

arc of this ellipse several points «« arc dropped from these 
part of the upper inside cll ‘[ )be j al l liU ‘ 1( j e G f the cylindrical bore. 

Thedlipse is then'drawn through the points obtained. 

. >6 Three isome|ric^roj-tion^of^ n^cir-1-c- (it^ixis 

in each case parallel to one o 
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Fig. 403. In the first case the axis of the cone lies in the direction 
of the axis Oy. In the second case its direction is that of axis Oz 
and in the third, that of axis Ox. 

The dimetric projections of a cone are shown in Fig. 404. In 
the first case (Fig. 404, a ) the base of the cone lies in a plane 



a) 0) 


Fig. 405 



Fig. 406 


perpendicular to the axis Oy, and in the second case (Fig. 404, b) 
it is perpendicular to the axis Oz. In both cases the drawing of the 
cone is fulfilled without foreshortening along axes Ox and Oz, but 
it is foreshortened along axis Oy, the factor being 0.5. Therefore 
the major axis of the ellipses, i. e.. the dimetric projections of the 
base, is equal to 1.06 of the diameter of the circle. The minor axes 
of these ellipses are respectively equal in length to 0.88 and V 3 of 
the major axis. The ellipses themselves are drawn through eight 
points. 


17. In rectangular isometric projections a sphere appears as a 
circle whose diameter is equal to the diameter of the sphere. In 
Fig. 405. a the isometric projection of a sphere 22 mm in diameter 
is constructed with foreshortening along axes OV, O'y' and 0'z\ 
the factor being 0.82. On the isometric projection of the sphere three 
ellipses are shown. These are the isometric projections of the three 
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major circles of a sphere located in the coordinate planes. In the 
drawing one eighth of the sphere is removed. 

In rectangular or right dimetric projections the sphere also 
appears as a circle (Fig. 405. b). The diameter of this circle will 
be 1.06 of the diameter of the sphere, if the drawing is constructed 





without foreshortening along axes OV nfihedimet’ric 

foreshortening along axis O',/, the factor being 0 5. On the dimet c 

projection of a sphere three ellipses are shown. These are t 

projections of the three major circles of the s P. here and ! hey llC 
the coordinate planes. One eighth of the sphere is removed. 
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18. If an object with a rounded end is to be represented in 
axonometric projection, as in Fig. 406, the outlines of the object 
are first constructed without any rounding off as is shown by 
broken lines. Only after that is the half of the ellipse, representing 
the rounded end, constructed. 

The construction of the bracket (Fig. 407, a) both in isometric 
projection (Fig. 407, b ) and dimetric projection (Fig. 407. c). 
should be begun by drawing its base which appears as a parallel¬ 
epiped. The position of the axis of the cylindrical bush is determined 
next. Then the bush itself is drawn in. After this the edges and lugs 
with cylindrical bores are constructed. Finally, l U of the bush is 
removed. In Figs. 407,6 and 407, call the ellipses were constructed 
by means of chords. 

Some details drawn in rectangular axonometric projection are 
shown in Fig. 408. These details are a lug (isometry. Fig. 408, a), 
a connecting rod (isometry. Fig. 408, b ). a collar (dimetry. 
Fig. 408, c), a base plate with a section removed (isometry, 
Fig. 408, d ), a king-post (dimetry. Fig. 408. e) and the body of a jig 
(isometry, Fig. 408, /). 


§ 46. Oblique Axonometric Projections 

1. Oblique axonometric projections may be classified as 
isometric, dimetric and trimetric, depending on the position in space 
of the planes of axonometric projection and the direction of the 
projectors. The most widely used oblique projections are those in 
which the plane of axonometric projection 77' is parallel to the 
coordinate plane xOz or parallel to the horizontal coordinate 
plane xOy. 

When plane fl' is in such a position the distortion factor along 
two of the axonometric axes is unity. Along the third axis, depend¬ 
ing on the direction of projection, we may obtain the same distor¬ 
tion factor, or any other. In the first case the oblique axonometric 
projection is isometric, in the second—dimetric. The axonometric 
representation obtained when the factor of distortion is greater 
than unity is not employed since it is distorted. 

Axonometric projections, in which the plane of projection /7' 
is parallel to one of the coordinate planes xOz or xOy, are 
advantageous because all lines, angles and figures lying in planes, 
parallel to /7\ are projected onto the latter without distortion. 

In such a case a condition is that the direction of projection 
should not be perpendicular to plane /7'. This follows from the 
definition oi the oblique axonometric projection itself. Mereover, 
the direction of projection should not be parallel to the third 
coordinate plane yOz , otherwise the axis O'y' would become 
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perpendicular to axis OV. and the representation would not be 
sufficiently pictorial (Fig. 409). 

2 The value of the distortion factor along axis O'if and the 
angle between this axis and the axis OV may be chosen 
arbitrarily. In Fig. 410 the following elements are shown: the plane 
of projection 77'. the projection of the point of origin of coordinates - 
point O', and the projection O'if of axis Oij. 




Fig. 409 

If triangle OO'if is revolved about axis Of/, the side Of/ 
remain, stationary, and the vertex O' wil move ,n plane H along 
an arc of a circle with its centre ,n point y and whose radius s 
OV In noint O" we have a new position of the \eru\ v on c 
, J ■ . Pq. n / i/ — 0"u' the distortion factor along avis </ 

triangle. Since O/.. The direc tj 0 n of the 

remains the same (O y. uij u j • jt • t position 

£.V -r. the extension of axis 

j* °;r« s r,n- z, t oy 

(Pie In this case the directmn.of the X 

extension of axis OV may be chafed as max the^cto oh ^ 

va°,ue a '°a n f In “.‘.chc^lhc conation will correspond 

to a definite direction of the was 

This basic conceptor.hetheoy l«onomc Three 

first put forward by Pro!. I oikc m d c m e r g- 

lines of any length ly‘ n ^ each other, 

ing from one point at an.' jn gio 

17 _ 1444 
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represent a parallel projection of three lines of 
equal length laid off on rectangular axes of 
coordinates from point of origin of the co¬ 
ordinates O. 

This theorem was later proved for the more general case of 
central projection by Prof. Chetveroukhin, Prof. Glagolev and other 
Soviet mathematicians. 



Fig. 411 Fig. 412 

Axonometric oblique projections obtained in plane fl' parallel 
to plane zOx are called frontal projections. The angle a°' between 
axis O'y' and the extension of axis OV in these projections is 
assumed as 30°, 45°, or 60°. When angle a°' = 45°, and the distortion 
factor along axis O'y' is V 2 , these projections are called cabinet 
oblique projections (Fig. 412). 

When plane fl' is horizontal, and the object is viewed from 
above, the oblique axonometric projections obtained are called 
military projections. 

Three frontal projections of a cube with the angle a equal to 
45°, 60° and 30°, and the distortion factor equal to V 2 along axis 
O'y' are shown in Fig. 413, a. 

Three frontal isometric projections of the same cube with a 
distortion factor equal to unity along all three axes are shown in 
Fig. 413, b. In Fig. 414 a cube is shown in oblique axonometric 
projection. The angles of inclination of axes OV and O'y' to the 
horizontal are both 45°. 

A cube, with circles inscribed in its faces, is shown in frontal 
projection in Fig. 415. To construct the ellipses — the projections 
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of the circles — chords are drawn. For example, to construct the 
points 1' and 2' of the upper ellipse, through any point A". taken 
on line C'K'. which is parallel to axis O'y'. we draw a horizontal 
line. Point K should then be found on the horizontal projection 01 
the cube. Fig. 415. b. The distortion factor along axis O'y' is 0.5. so 
CK = 2C'K'. Through A'i we draw a chord and transfer the distances 
K\l\ and K\2\ to the axonometric representation. 



Fig. 414 




It should be kept in mind that the major axis of the top ellipse 
in the frontal axonometric projections is not horizontal, binularh 
in the lateral face the major axis of the ellipse will not be perpen- 

dicular to axis O'x'. . • 

On the front face the inscribed circle in the frontal projection 

remains the same as in the orthographic projection. Tlus-is \\h\ 
frontal projections are the most convenient forms of pictorial 
representations when the axis of a body of revolution being depict¬ 
ed is perpendicular to the frontal plane of projection II 2 - 

3. Oblique axonometric projections are constructed by the same 
methods as used for rectangular axonometric projections. 

For example let us examine the construction of an oblique 
axonometric projection of the line of intersection of two cylinders 
(Fig. 416). This construction may be car- ——s-» 

ried out with the help of auxiliary cutting 
planes. In this case the cutting planes | 

chosen arc parallel to plane fl 3 . 1 hese IIJJJ I 

planes cut both cylinders along their gener- / \ 

atrices. The points contained in the line > / 

of intersection are given by the intersec- / . \ / 

tion of the respective generatrices in one rf W S 

and the same cutting plane. Point A of T | j s' 

this line, for example, is found at the V 

intersection of generatrices lying in the | | J y 

plane passing through the axes of the 
cylinders. The points of intersection, given Fig. 416 


IT 


259 



by other auxiliary planes parallel to the axes of the cylinder, are 
also points contained in the line of intersection of the given 
cylinders. 


Problems and Exercises 




i 



1. How are axonometric projections classified? 

2. What is a trace triangle? 

3. What are the values of the factors of distortion in isometric 

rectangular projections? 

4. How is an angular scale con¬ 
structed for a foreshortening of 
0.47 in dimetric projection? 

5. Explain the method of con¬ 
structing the ellipses which are 
the isometric projections of circles 
in the coordinate planes. 

6. What are the dimensions of 
the major and minor axes of an 
ellipse, which is the projection of 
a circle contained in plane xOy, 
if the isometric projection is con¬ 
structed a) with a foreshortening 

of 0.82 along axes Ox, Oy and Oz, b) without any foreshortening 
along these axes? 



Fig. 417 


1. What are the dimensions of the major and minor axes of 
the ellipse, which is the projection of a circle contained in plane 
zOx, if the dimetric projection is constructed a) without any 
distortion along the axes Ox and Oz and with a distortion factor of 
0.5 along axis Oy, b) with a distortion factor of 0.94 along axes 
Ox and Oz and 0.47 along axis Oy? 



Fig. 418 




8. Which axonometric projections are called a) frontal, 
b) cabinet and c) military? 

9. Construct the rectangular isometric projection of the magnet 
core, shown in Fig. 417. There should be no foreshortening along 
the axes. 
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,0. Construct th, t 'K 



Fig. 421 


12. Construct the frontal axonometric projection (a-45°) of 
the i f 3 X Co e ns&h n e fe^Ungu.ar dimetric projection of the bracket, 

Sh °M n Construct 5 the rectangular isometric projection of the cross 
socket, shown in Fig. 421. 








Chapter XII 

CURVED LINES AND CURVED SURFACES 

§ 47. Curved Lines 

1. There are two general classes of curved lines, plane curves 
and space curves, often referred to as single-curved and double- 
curved lines. 

The construction of the second projection of a plane curve 
having one of its given projections, is possible only if two projec¬ 
tions of a plane in which this curve is contained are given. The 
construction of the horizontal projection of a curve ABODE lying 

in the plane of triangle TMN, by 
means of its frontal projection, is 
shown in Fig. 422. 

The construction consists in draw¬ 
ing horizontals of the plane of the 
triangle through points B, C, D and 
E of the curve. The horizontal pro¬ 
jections B i, Ci, D | and E\ of these 
points are found on the horizontal 
projections of the respective horizon¬ 
tals. The horizontal projection .4! of 
point .4 is determined directly, since 
point /I belongs to the side TN of the 
triangle. 

A continuous curve, the horizontal 
projection of curve ABODE , is drawn 
through points A u B ,, C lt D, and £,. 

.*• The construction of the curve ABCDEF in the oblique plane 
u ls s ' 1(n y n »n Fig. 423, a. First, plane a is made to coincide with 
?- n -e_9.L t I ie planes of projection, say with plane /7,. The curve 
ABCDEF is then constructed in the new position of plane a. Hon- 
zontals of plane a are drawn through points A, B, C. D. E and F. 
itn the help ol these horizontals we find the horizontal projections 
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A\, B lt Ci, D i, £,, F\ and the frontal projections A 2 , B 2 , C 2 , D 2 , £ 2 , £2 
of the points of the given curve. Through the corresponding pro¬ 
jections of points A. B. C, D, E and F we draw the projections of 
the curve lying in the oblique plane a. 


3. To determine the length of 
a plane curve the plane in which 
the curve lies is brought into coin¬ 
cidence with one of the planes of 
projection. The curve in this posi¬ 
tion is then divided into small 
parts. Each part is assumed to be 
a segment of a straight line. These 
segments are then laid off on a 
straight line in the same order as 
on the curve. The sum of all the 
segments is approximately equal 
to the length of the curve. This 
method is used to find the length 
of the curve ABCDEF, as shown 
in Fig. 423, b , and is often re¬ 
ferred to as the development of 
the curve. 

4. When making the multiview 
drawing of a space curve it is 
often necessary to letter certain 
of its points in order to avoid 
confusion when reading the draw¬ 
ing if different parts of the projec¬ 
tions of the curve lie on the one 
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and L were not 


i 11 1 V_ V.UI V V. IIV. - - 

and same projectors. For example, if points a and / 
denoted on the projections of curve ABC (Fig. *124, a) it would 
not be clear which of the two parts AB or BC is nearer to 
plane 77 2 . 
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5. In order to determine the approximate length of a space curve 
one of its projections, say the horizontal projection, is divided into 
parts, as seen in Fig. 424, b. These segments are marked off succes¬ 
sively on a straight line. Through the points of division perpen¬ 
diculars to the line are erected. On these perpendiculars the dis¬ 
tances, at which the frontal projections of the corresponding points 
lie from the axis Ox, are marked. A smooth curve is then drawn 
through these points. The space curve is said to have been 
“unrolled” or developed into a plane curve. 


§ 48. Cylindrical and Conical Helical Lines 

1. Helical lines are the most widely used space curves in en¬ 
gineering practice. . ... 

A cylindrical helical line or helix is a spiral in space, 

contained in the surface of a circular cylinder 
and intersecting all its generatrices at thesame 
angle. The helix may be considered as being generated by a point 
contained in the surface of a right circular cylinder and simul¬ 
taneously rotating about the axis of the cylinder as it moves parallel 
to the axis. The longitudinal movement is assumed to be propor¬ 
tional to the angular movement. . .. . 

The axis and diameter of the helix are the axis and diameter 
of the cylinder in which the helix lies. On the surface of one and 
the same cylinder different helices may be obtained by varying 
the ratio of the two velocities of the generating point. In this case 
the pitch of each of the helices generated on the cylinder will 
differ from that of the others. The pitch or lead h of a 

helix is the distance between 
the two nearest points in which 
the helix intersects one of the 
generatrices of the cylinder. 
In other words, the pitch is the distance 
the point moves parallel to the axis as 
it completes one revolution. 

The part of a helix between the nearest 
points on the generator, namely the part 
generated in one revolution, is generally 
called a turn of the helix. 

A circular cylinder on which a helix 
has been plotted is shown in Fig. 425. 

Since all the points of the cylindrical 
helix are located on the lateral surface 
of the cylinder, which is projected onto 
plane n x as a circle, it is obvious that 
the horizontal projections of all points of 
the helical line also lie on this circle. 



In order to construct the frontal projection of a cylindrical helix 
we divide the circular base of the cylinder into a number of equal 
parts in this case into eight parts. *A definite value must be taken 
as the pitch h of the helix. The pitch is then divided into the same 
number of equal parts as the base, since the linear movement oi 

point A is proportional to its angular movement. 

After point A has moved from its initial position O to position 
1 , i. e., after it has moved through one eighth of the pitch h, its 
horizontal projection will occupy position 1 and its frontal pro¬ 
jection will be 1 2 . , . . f ., .. 

A horizontal line is drawn through the first division of the line 

of pitch. Then, through the first division /, of the circle a vertical 
is passed. The intersection of these two lines determines the position 
of the frontal projection l 2 of point A in its new position^ The other 
points, 2 2 , 3 2 . S 2 , of the frontal projection of the helical line 

are constructed in a similar manner. .... .. 

The frontal projection of the first turn of the cylindrical helix 
is obtained by drawing a curve through the points 0 2 h. 2 2 ,J 2 . * 2 . 
5 2 , 62 , 7 2 and 8 2 . The frontal projection of the second turn is con¬ 
structed in a similar manner. 

Helices may be right-hand or left-hand, depending on which 
direction the point generating the helix moves. Right-hand helices, 
in other words helical lines with a right-hand thread, are those 
generated by the clockwise rotation of a point about an axis when 
the point moves along the axis away from the observer. Left-hand 
helices are generated by counter-clockwise rotation. 

A helix with a right-hand thread is shown in Fig. 425 One of 
the characteristics of such a helix is that the visible parts of the 
curve rise to the right and the hidden parts rise to the left. The 
characteristic feature of a helix with a left-hand thread 1 - mat the 
visible parts of the curve rise to the left and the hidden parts rise 

t0 T heli’x' is also obtained on the cylinder if a right triangle 
AoBoCo is wrapped around a cylinder (F.g • J 26 ) - The horizontal 
side AoB 0 of the triangle is equal to the length of the circle of the 
base of the cylinder. The vertical side B 0 Co is equal to the pikli / 
of the helix. It follows that the hypotenuse A 0 C 0 of the right triangle 
A 0 B 0 Co is the development of one turn of the cylindrical helix 1 he 
angle a is called the lead angle, or the helix angle 1 he size of this 
angle depends on the pitch h of the helix and length of the circum¬ 
ference of the base of the cylinder. We have: tan «°= — where 

R is the radius of the circumference of the cylinder. The length L 
of one turn of the helix may be determined from the formula 

L = y h 2 4- (2n R) 2 . , , . 

The frontal projection of the cylindrical helix is a sine wave. 

This may easily be proved. Let us assume the axis of projection 
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as the axis .* and the frontal projection J\J' 2 of the axis of the helix 
as the axis 2 (Fig. 427). We take any point K on the helix. The angle 
of revolution of point K from its initial position O is denoted by y 

.The radius of the helix is denoted by r and the 
pitch by h. The coordinates x and 2 of point K are shown in Fig. 42/. 

From the right triangle J\N\K\, we have 

x=r sin y°. (0 



Since the linear and angular movements of the point forming the 

* yO 

helix are proportional, then — = ——, 


hence y° = 





Substituting the value found for y° * n equation (1), we obtain 

x = r • sin 2 rr — , which is the equation of a sine wave. 

h 

The angle b on the development of the helix (Fig. 426) is equal 
to the angle between the generatrix of the cylinder and the helix. 
This angle (5 in space is equal to the angle between one of the 
generatrices of the cylinder and a tangent to the helix. 

Since all the generatrices of the cylinder form the same angle 
fi with the helix it follows that all tangents to the helix have the 


same slope relative to the generatrices of the cylinder passing 

through the corresponding tangent points. 

The generatrices of the cylinder are perpendicular to plane Uy 
so the slope of all the tangents to the helix, relative to plane /7i. is 
the same and equal to the angle a formed by the hypotenuse and 
horizontal side of the right triangle ABC On the basis of this the 
tangent to the helix at any point on it can be constructed. 

Let us consider the right triangle 
KLM (Fig. 427) whose frontal projec¬ 
tion K 2 L 2 M 2 is shown by hatching. 

This triangle consists of line KL, a 
segment of the generatrix of the cyl¬ 
inder passing through the tangent 
point K, the tangent KM to the helix 
and line ML. Since the triangle KLM 

is located in a horizontal-projecting 

plane, the line ML, called the subtan¬ 
gent, may be considered as the hori¬ 
zontal projection of the tangent aAL, 

It is obvious that angle KML = a . 
i. e., the angle between the tangent 

to the helix and plane /7,. 

From the right triangle KLM we 
have ML = KL • cot a°, where a is the 
angle between the hypotenuse KM 
and side ML. But OL = KL- cot a . 

Therefore ML = OL, i. e., the length 
of the subtangent is equal to the 
length of the straightened arc of the 
circle — the horizontal projection ol 
the helix — from the initial point O, 
up to the horizontal projection K\ ol 

the tangent point. . 

The subtangent ML is the hori¬ 
zontal projection of the tangent. The , ■ ,, . e 

tangent is the hypotenuse and thesubtangentistheba^ 

the right triangle KLM. Therefore, the lengthof the M t 1 
equal to the length of the straightened arc of the helix itselt Irom 

the initial point to the point of tangency. hclix 

Using these properties of the tangent ^" d rn s “ b ‘ a u Xa tangent to 
these lines may be constructed. In 1 or er ^ ; tan^ent^to the 

the helix through point /C (Fig. ?27) t i‘ helix The tangent 

circle which is the horizontal projection o i the hehx l 

point is K, the horizontal protection o' ^irll’Xed’aK'Sf 
K, we lay off K,M, equal to tne b obtained point M, we 

nnd C pott f rb^rawin^ P ^oieclor. Poin^t M. whose prelections 
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of 



Mi and M 2 have been found, is the horizontal trace of the required 
tangent. Joining points M 2 and K 2 by a straight line we obtain 
the frontal projection K 2 M 2 of the tangent KM to the helix at 


point K. . 

If we revolve triangle KML about axis KL into the frontal posi¬ 
tion, the true value of angle /CML = a°will be found in the multiview 
drawing. The lead angle a of the helix is determined by the de¬ 
velopment of the helix (Fig. 426). The 
angle a is formed by the hypotenuse and 
horizontal side of triangle ABC. 

2. The conical helix (Fig. 428) is 
generated by a point moving along the 
surface of a right circular cone so that 
its movement along the generatrices of the 
cone is proportional to the angular move¬ 
ment about the axis of the cone. 

The movement of the point along the 
generatrices of the cone may be considered 
as composed of a movement along the axis 
of the cone and a movement in a direction 
perpendicular to this axis. 

Since the two linear movements and the 
angular movement of the generating point 
are proportional, the construction of a 
conical helix may be carried out as follows. 
The circle of the base of the cone is divided 
into several equal parts, in this case into 
eight parts. Then the eight corresponding 
generatrices of the cone are drawn in and 
their horizontal and frontal projections 
are constructed. The pitch h is then divided into the same number 
of equal parts. Through each division a horizontal is passed 
to intersect the frontal projection of the corresponding generatrix. 
For example, point K 2 lies at the intersection of the horizontal 
line drawn through division 7 of the pitch and the frontal 
projection of the generatrix drawn through division 7 of the 



Fig. 428 


circle of the base. 

The points found in this way are the frontal projections of the 
points of the helix. By using the frontal projections we can obtain 
the horizontal projections of these points. To do this projectors are 
dropped from the frontal projections of the points to intersect the 
horizontal projections of the respective generatrices of the cone. 
The construction of point K is shown in Fig. 428. By passing curves 
through the corresponding projections of these points we obtain 
two projections of the conical helix. The horizontal projection of 
the conical helix is an Archimedean spiral. The frontal projection 
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is a sine curve, the amplitude of which decreases. The construction 
of two turns of the R. H. conical helix is shown in Fig. 428. The 
pitch h is equal to one half of the altitude of the cone. 

Problems and Exercises 

1. How is the projection of a plane curved line constructed on 

a given plane? . 

2. How is the length of a space curve determined? 

3. Define a) a cylindrical helix, b) a conical helix. 

4. How are the projections constructed a) for a cylindrical 

helix, b) for a conical helix? . f ,. , 

5. Construct a L. H. cylindrical helix, the diameter of which 

is 40 mm and the pitch h = 30 mm. ...... f 

6 Construct a L. H. conical helix, given the diameter of the 

base circle of the cone as 50 mm, the altitude of the cone 80 mm. 
and the pitch /i = 40 mm. 

§ 49. Curved Surfaces 

1 Curved surfaces are generated by lines moving in accordance 
with'definite laws. Depending on the form of these lines, or gener¬ 
atrices curved surfaces are divided into two major classes, single- 
curved surfaces, or ruled surfaces, generated by moving straight 
lines, and double-curved surfaces, the generatrices of which are 
curves. Cylinders and cones are examples of single-curved surfaces. 

A sphere is an example of a double-curved surface The sta¬ 
tionary line along which the generatrix of the curved surface moves 
is called the directrix. When a plane, tangent to the surface, passes 
through all the points contained in each of the generatrices of a 
single-curved surface consecutively, the single-curved sur I acc s 
said to be developable . i. e.. it can be “unwrapped . When this 
condition is not fulfilled the single-curved surface is called a 
warped surface. It cannot be unwrapped so it is dey e| opable 
Summing up. a developable surface may be ‘unwrapped so tha 
it coincides P with a plane and then has no folds or breaks. Warped 

surfaces and double-curved 
surfaces cannot be developed. 



2. Cylindrical sur¬ 
faces. A cylindrical surface 
is generated by a straight 
line moving along the direc¬ 
trix AB, so that it always 
remains parallel to a given 
line MN* (Fig. 429). In this 

• Each position thal the Bencratrix assumes is calle.l m element ot the 
surface. 



case the directrix AB must not lie in the same plane as the 
generatrix. 

The line in which a curved surface intersects a plane o! pro¬ 
jection is called a trace of the surface. In Fig. 429 the eurveo, 
in plane /7, is the horizontal trace of the cylindrical surface A B BA. 

If a trace of a cylindrical surface* and the direction of the 

generatrices are known, the 
cylindrical surface may be 
constructed and on it any 
generatrix may be plotted and 
any of its points can be deter¬ 
mined (Fig. 430). 

Of all the generatrices 
of the cylindrical surface the 


Fig. 431 


outline generatrices, A A' and CC\ BB' and DD', are of particular 
significance. 

In the multiview drawing the projections of two outline gener¬ 
atrices are the boundaries of the visible and hidden parts of the 
surface. In Fig. 430 that part of the cylinder passing through the 
segment A'B'C' of the horizontal trace, when projected onto plane 
fl x , is visible. The rest of the surface is hidden. When projected onto 
plane /7 2 that part of the cylinder surface passing through the 
segment B'C'D' of the horizontal trace is visible. The rest of the 
surface is hidden. 

3. Conical surface. The surface generated by the 
movement of a straight line S/1 along curve AB, when the generat¬ 
ing line in all its positions passes through a point S, is called a 
conical surface (Fig. 431). 

Line S/1 is the generatrix. Point S is called the vertex. Curve AB 

* The trace of the surface is at the same time the directrix of this surface. 



A? Cj ^2 ^2 -4? 
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is the directrix. The conical surface consists of two parts called the 

nappes of the surface (Fig. 432). 

If the vertex of the cone and its directrix, or the trace oi the cone 
surface, are known, then the conical surface may be constructed. 
On the surface any generatrix may be drawn and any point 
determined. For example, to construct the frontal projection K 2 ol 
point K given on the surface of the cone (Fig. 433), the horizontal 
projection K\ of the point being known, it is sufficient to draw 
through point K\ the horizontal projection S ] L l of the generatrix 
SL of the cone and then find the frontal projection of the generatrix 
S 2 L 2 , after which, from point K 1 , a projector is drawn to intersect 

S 2 L 2 in point K 2 - „ , . 0 ^ . c n 

In Fig 433 the lines S 2 A 2 and S 2 B 2 and also S|C, and c>i^i are 

the projections of the outline generatrices. These generatrices sep¬ 
arate the visible and hidden parts of the projections of the conical 

surface. 

4. The developable helicoid. The surface formed 
by the continuous movement of a straight line, which in all its 
positions remains tangent to a cylindrical helixes called a ^ue op- 
able helicoid , or helical convolute (Fig. 434). The cylindrical 
helix, which in this case is the directrix of the deve opab e helicoid 
is the helical directrix of tangency. So the developable helicoid 
belongs to that group of curved surfaces which have a directrix of 

n Any Cy section of a developable helicoid given by a plane per¬ 
pendicular to the axis of a cylindrical helix is an involute of a arc/e 
Part of a helicoid cut by a cylindrical surface whose axis 
coincides with the axis of a helicoid is shown in Fig. 43o 

The line of section in this case will be a helix with the same 
axis as the helicoid. This surface is called a developable annular 

helicoid. 

5. Cylin droid. The surface generated by a straight line, 

which constantly remains parallel to a given plane as ‘t move 3 
along two directrices not located in one plane, called - 

droid. The plane to which the generatrix of the cylindroid re m a »” s 
parallel as it moves is called the plane of parallelism, or plane 

director, reservation of a cylindroid, generated by the move¬ 
ment of the generatrix AB along two space curves t ie direc¬ 
trices is given in Fig. 436, a. The multiview drawing of tins same 
cylindroid^is shown in Fig. 436, b The straight line AB in each of 
its position remains parallel to the given plane a, which is the 

plane of parallelism. 

6. The hyperbolic paraboloid. This surface sometimes 
called a warped plane, is a particular case of a cylindroid (Fig. 43,). 
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The directrices of such a surface are two non-intersecting, or skew 
lines. The horizontal plane of projection /7i in this case is assumed 
as the plane of parallelism for the hyperbolic paraboloid (Fig. 437). 

Three projections of a hyperbolic paraboloid, having two planes 
of parallelism a and p, perpendicular to plane /7, which form 
angles of a° with plane /7 2 , are shown in Fig. 438. 



Fig 436 


If we cut such a hyperbolic paraboloid by horizontal planes y, 
V v" the sections obtained will be hyperbolas. If such a hyperbolic 
paraboloid is cut by planes parallel to fl 2 or f1 3 the sections will be 

parabolas. 


7. The conoid is a particular case of the cylindroid. One of 
the directrices of the conoid is a straight line, the other is a curve. 
The generatrix is a straight line which constantly remains parallel 

to a plane of parallelism. .... f . 

A conoid is shown in Fig. 439. One directrix of this surface is 

line AA', in this case perpendicular to the plane of parallelism II i, 

the second directrix is curve BB'. 

If the curved directrix of the conoid is a 
cylindrical helix, the conoid is called a 
helical conoid or non-developable helicoid 

(Fig. 440). t f f 

If the helical conoid is cut by the surface 
of a right circular cylinder, whose axis x 
MM' coincides with the straight directrix 
of the conoid, the line of intersection 
obtained will be a cylindrical helix having 
the same pitch as the helical directrix 
BB'B"B"'B"" of the conoid (Fig. 441). The 
surface of the helical conoid contained be- 
tween helical lines is called an annular 
helical conoid. FiR 4 
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Annular helical conoids find wide application in engineering 
practice. Nuts and bolts with rectangular or square threads, cyl¬ 
indrical springs of rectangular section, helical staircases and the 
Archimedean screw all contain surfaces of helical annular conoids. 



</» 


Fig. 438 


The points and lines on non-developable, or warped ruled sur¬ 
faces are constructed the same way as on developable ruled 
surfaces. 

It is required to construct the frontal projection K 2 of a point K 

on the surface of a conoid, the horizontal 
projection K\ of this point being known (Fig. 
439). Through point K\ the horizontal projec¬ 
tion of generatrix AK is drawn to intersect 
the horizontal projection of the curved 
directrix in point L\. From point L\ we draw 
a projector to intersect the frontal projection 
of the curved directrix in point L 2 . 

The frontal projection of the generatrix, 
on which point K lies, will pass through point 
L 2 parallel to axis Ox. A projector is then 
drawn through K 1 to the frontal projection 
of the generatrix LK. In this way frontal 
Fig. 439 projection K 2 of point K is obtained. 
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8. The oblique helicoid is one whose generatrix is a 
straight line that intersects the axis at a constant angle but not 
at riSht angles. One point of the generatrix describes a cylindrical 

helix* 5 while a second point slides along the axis. 

If' an oblique helicoid is cut by a circular cylinder having the 
same axis an oblique annular helicoid is obtained (h!g. 442). 

The surface of an oblique annular helicoid, which is used for 
screws with triangular and trapezoid threads is limited by two 
cylindrical helical lines of the same pitch. If the generatrices 1-1 , 
2-2' etc., of this surface are extended, they intersect the axis AB, 

making with it the same angle a in space. 



Fifj 440 



FiR 441 


To construct an oblique annular helicoid ^‘are 

find the frontal projections o . nar i s These twelve seg- 

the helix into the same number of eq P ■ ji latter are 


18 * 
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Fig. 442 




The line 0 2 0' 2 is drawn beforehand at the given angle a to the 

3X1 Vertical^are ’erected from the division points of the major and 
minor circles. Horizontals are drawn through the dividing points of 
the pitch The intersection of corresponding lines gives us points 
/ 2 _/' P 2 2 -2 2 , etc. By joining up these pairs of points by straight lines 
we obtain the frontal projections of the generatrices. Curves ar 
passed 'through points k .. .. /*. con tained in the lateral sur¬ 
face of the major cylinder, and through points/* 2* 1** c0 " 

ained in th2 lateral surface of the minor cylinder. These curves 
Ire two cylindrical helices and represent the outlines of an oblique 

an, The r conLuifction of the curve RMNLK. in which the oblique 

annular helicoid is cut by the horizontal plane a. consists in deter 
annular neiicoia is lui y t f num ber of elements, or 

generatrices 'wUh p'an^ The frontal projections of these points 
Ire the pofnts of intersection of the frontal project,ons o, the 

elements with the trace-projection a 2 of plane u. ^ 

The horizontal projections R 1 , Ai. Lu K\ ol points K, , , 

/ and K are obtained bv dropping projectors from points Ri>i 2 . 2 • 

t anYx. to insect \he ho P ri»n?al projections of the respect.ve 

e ' e The'curve RNMLK, the projection of which on plane is a true 

view is a Spiral of Archimedes. . , r 

To construct the frontal projection of any point, such as C. 

contained in the surface of the helicoid, given the horizon a 

projection C, of this point, we first draw through point C, a radial 

fine £ X, We then construct the frontal projection E 2 F 2 of this 

element and pass a projector through point C, to intersect E 2 F 2 m 

POi Lefthe frontal projection of a curve, such as DS contained in 

horizontaf°proje c^tion'^of C ttd s curTon ^e'U|j£in the region 

as w r ;?■ zsr* * s.i HS'i 

“uc. i, tl,, l.'irW.t.l projection .1 enrvo OS 
contained in the oblique annular helicoid. 


§ 50. Surfaces of Revolution 

>. Surfaces of revolution are thos^-rface^that may be generat- 

Two y exampks of surfaces of revolution are right circular cylinders 
and spheres. 




The section of a surface of revolution by a plane perpendicular 
to the axis of revolution is a circle. The most commonly used method 
of constructing points on surfaces of revolution is based on 

this fact. 

A body of revolution is shown in Fig. 443. Its surface is formed 
by the revolution of a plane curve ABC about the axis MN which 



Fig 443 





is perpendicular to plane /7,. Let us find the horizontal projection 
of point D belonging to this surface, if the frontal projection D 2 
of point D is given. 

Point D must lie on a circle, the plane of which is perpendicular 
to the axis of revolution ALV and. so also perpendicular to plane /7 2 . 
Therefore through point D 2 we draw a horizontal KiL 2 which is 
the frontal projection of the required circle. Next, we describe a 

circle with point M\N\ as its centre and radius /?= — ^ 2 ^ 2 - This 

is the horizontal projection of the circle on which point D 1 is found 
by dropping a projector from point D 2 . 

2. Given the horizontal projection A 1 of point .4 on the surface of 
a sphere, Fig. 444, construct its frontal projection. First draw a 
circle with its centre at C, through point A\. Having obtained points 
K\ and L\ we then find the frontal projection K 2 L 2 of this circle. 
This will be a line parallel to ground line Ox. A projector is then 
drawn through point A\ to line K 2 L 2 . This gives us the frontal 
projection A 2 of point A on the surface of the sphere. 

In order to construct a point B on the surface of this same 


sphere, given its frontal projection B 2 , first we draw a circle 
through point B 2 with centre C 2 . Having obtained point S 2 from 
it we draw a projector to this Arcle, which is the horizontal projec¬ 
tion of the sphere. This gives u point S,. Next a line S,T, is passed 
through point S, parallel to line O.v. Thi is the horizontal projec¬ 
tion of the circle with a radius CS. ''hi it we find point B , with the 



Fig. 445 


Mn of a projector passed through point B 2 . Point B\ obtained in 
this way is the horizontal projection of point B on the surface of 

the sphere^id ^ noted that the circles KAL and’ BST may be 

considered as sections of a sphere cut by projecting planes drawn 
respectively through points A and B. Sections of a spheie cut b> 
planes perpendicular to axis MN (Fig. 444) are called PoraUels. 
Sections cut by planes passing through the axis M A °/ the J>P he re 
are called meridians. The parallel cut by the plane passing through 

the centre of the sphere is the equator. , , f 

The meridian whose plane is parallel to the frontal plane of 

projection is called the principal meridian. 

3. The surface represented in Fig. 445. a is obtained by the 
revolution of a circle of radius R about axis A TV which in ^ rsec ^ 
the circle but does not pass through its centre If we were to 
revolve a’circle of diameter d (Fig. 445, b) about axis ATV also 
located in the plane of the circle, but not cutting it. we would obtain 

the surface called an annular torus or tore. ff - • t to 

To construct a point on the surface of a torus »s $ u f, cient to 
draw an auxiliary circle KL on the surface (Fig. 445. b). On the 
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projections K,L t and K 2 L 2 of the circle points A, and A 2 are taken. 
These are the projections of point A belonging to the surface of the 
torus. Points on the surface of revolution, shown in Fig. 445, a, 
are constructed in a similar manner. 


4. The surface formed by the revolution of an ellipse about one 


of its axes is called 
an ellipsoid of revo¬ 
lution, or a spheroid 
(Fig. 446). 
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5 /I hyperboloid of revolution of one nappe is the surface 
generated by a line that rotates about the axis, but does not inter¬ 
sect it (Fig. 447). , . f ... 

•\11 points of the generatrix AB of the hyperboloid of revolution 

of one nappe describe circles with their centres on axis MN. The 
circle described by the point C, nearest to the axis MN, is called 


the neck. 

A hyperboloid of one nappe may also be obtained by revolving 
a hyperbola about an imaginary axis. In Fig. 447, b the imaginary 
axis is MN and the generatrix is the hyperbola KL. 

The section of a hyperboloid of revolu¬ 
tion cut by a plane perpendicular to its axis 

is a circle', and the section cut by a plane 
passing through the axis of the hyperboloid 
is a hyperbola. 

The surface of revolution we have 



FiQ. 448 described is termed a hyperboloid of one 
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nappe in order to distinguish it from the hyperboloid of two nappes 
shown in Fig. 448. The latter is obtained by revolving a hxperbola 

ab °The t! !single-nappe hyperboloid of revolution, which is a warped 
surface finds many applications in engineering practice, lor 
example, in the design of radio towers and supports lor tanks, etc. 

6. If a parabola is rotated about its axis the suriace obtained 
is called a paraboloid of revolution. 


Problems and Exercises 

1. What is meant by single-curved surfaces and double-curved 

surfaces? Give examples of such surfaces. . 

2. Name and define developable single-curved surfaces. 

a What are undevelopable surfaces? , a 

“rw. MSsir 

SUrf 6 aC What is the usual procedure for constructing points and lines 

on surfaces? ,, . . 

7. Construct a right L. H. helicoid. 

8. Construct an oblique L. H. helicoid. 

§ 51. Cylindrical Screws 

dependtaffthe'form of the 

SUW«“o7 squa r e™ rectangu'lar-^triangular, trape.oida, and 

''"inF^g'.^'th^construction of one turn of a triangular thread 
is shown. . p H v d left-hand (L. H.). When 

TxBsi i IS HSpH 

thread the screw is turned counter-clockwise. 
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If the screw is generated by the movement of only one profile, 
as in Fig. 449, a, it is called a single-thread, or a single-cut screw. 

If two or more similar generating profiles are moved, assuming 
them joined together, double-thread screws, triple-thread screws 
and so on are obtained. 

When drawing a double-thread screw it is necessary to 
construct helical lines equal in number to the number of vertices 



Fig. 449 


of the two generating profiles. For example, when constructing a 
double-thread screw (Fig. 449, b) it is necessary to construct eight 
helical lines, corresponding to the number of vertices of the two 
generating squares which are shown by hatching. 

2. A screw and the corresponding nut, having a R. H. single-cut 
rectangular thread, are shown in Fig. 450. Since the cross section 
/ -2-4-3 of the protruding thread of the screw is the same as the 
cross section of the recess 1-2-4-3, the sum of the dimension «? 2-^2 of 
the protrusion and the dimension ln-3 o of the recess is equal to the 
pitcli h of the screw. 

The protrusions and recesses consist of cylindrical surfaces, 
exterior and interior, generated by the movement of the sides 1-3 
and 2-4 of the generating rectangles, and of two right helical 
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surfaces, or right helicoids, obtained by the movement of the sides 
1-2 and 3-4 of the rectangles. 

The construction of the screw and nut is carried out by the draw¬ 
ing helices with a pitch h through points 1, 2, 3 and 4. For this 
purpose two coaxial cylinders are constructed, the radii ot the 
bases of which differ by the depth 1-2 of the thread recess. Having 
divided the circle of the base of the cylinders into a number 
of equal parts, say six, we divide the 
pitch h into the same number of equal 
parts and construct four helical lines, 
i. e., two on the inside cylinder and two 
on the outside. Having determined the 
visible outline of the protrusions and 
recesses of the thread we draw them in 
with continuous lines. The hidden out¬ 
lines are usually shown only within the 
limits of one or two screw pitches h. 

The cross-section of the screw cut by 
the horizontal plane a is also shown 
in Fig. 450. This plane cuts the exterior 
and interior cylinders and two right 
helical surfaces. The section of the 
cylindrical surfaces are arcs of circles, 
the sections of the right helical surfaces 
are the diametrically opposite segments 
KL and MN. The horizontal projections 
K\, L u M\ and Ah of points K, L, M and 
A' are determined by drawing projectors 
from points K 2 , £ 2 . Af 2 and N 2 , in which 
the frontal trace of the cutting plane cuts the frontal projections 
of the helices. These projectors intersect the horizontal projections 
of the lateral cylinder surfaces in the points required. 

The nut is represented in cross-section cut by a lrontal plane p 
passing through the axis of the screw and nut On this cross-section 
the visible part of the thread is seen as rising from right to left. This 
corresponds to the way in which the rear, hidden part of the R. r . 
thread of the screw rises, i. e.. from right to left. The hidden lines 
shown in the cross-section of the nut are those parts of the rear 
helices which are covered by other parts of the thread. 

3. A right double-thread, screw with a thread of triangular 
section is shown in Fig. 451. The screw is cut by a horizontal plane 
perpendicular to its axis. 

The circles of the bases of the cylinders and the screw pitch h 
are divided into 12 equal parts. Then, the six helices, corresponding 
to the number of vertices of two generating triangles, are 

constructed. 





Fig. 450 
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The surface of this screw consists of two oblique helicoids. The 
frontal projections of the visible outlines on these surfaces are 
obtained by drawing tangents to the frontal projections of the 
exterior and interior helical lines. In Fig. 452 these outlines are 

shown separately on an enlarged scale. 

To construct the section of the screw cut by plane a auxiliary 
olanes 6 and v are drawn through the axis of the screw. These 
v planes intersect each 

protrusion in triangles, 
the projections of which 
are shown in Fig. 451. 
The points K and L, in 
which plane a intersects 
sides MN and M'N' of 
these triangles, are 
points contained in the 
lines of intersection of 
the screw and plane a. 
Having constructed the 
horizontal projections 



Fig. 451 



K\ and L, of these points and joining the points 6 X , K\, L, and 6, by a 
continuous line, we obtain the horizontal projection of one of the 
branches of the line of intersection of the screw and plane a. The 
other three branches of this curve, which are Archimedean spirals, 
are constructed in a similar manner. The line of intersection has 
two axes of symmetry. The L. H. and R. H. parts of intersection 
are symmetrical because plane a cuts a double-thread screw. 

4. A single-cut R. H. screw, the cross section of the thread of 
which is an equilateral trapezoid, is represented in Fig. 453. The 
surface of such a screw is limited by two cylinders and two oblique 
helicoids. The cross-section of the screw given by cutting plane a 
is also constructed with the help of auxiliary planes passing 
through the axis of the screw. The points K, L, Q and 5 belonging 
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to the outline of the section are given by the intersection of plane 
a with the sides MX. M'N', M"X", AT"A"" of the trapezoid along 
which the screw protrusions are intersected by the auxiliary. axial 
planes. Since the screw in this case is single cut. the intersection 
obtained is limited by arcs of two circles and two branches of the 

Archimedean spiral. 


5. A screw and nut. 
with a thread of trape¬ 
zoid section, are shown 
in Fig. 454. There are 
two generating trape¬ 
zoids. The direction of 
the turns is R.H. The 
surface of the screw 
consists of two cylin¬ 
ders, right helicoids 
and oblique helicoids. 
The cross-section of the 
screw and nut given by 
the cutting plane a is 
constructed with the 
help of auxiliary planes 
P. p', p" and p'" which 
are passed through the 
axis of the screw. The 
circular parts of the 
outline of the section 
correspond to the parts 
of the right helicoid cut 
by plane a. The curves, 
which are Archimedean 
spirals and lie between 
the outer and inner 
circles, are the sec¬ 
tions of the oblique 
helicoids cut by plane a 



Fia. 353 


6. A screw and nut with a R. ‘^P'^^V^^nuTgiven 

the 

ext ‘ 10 ^^' is 'covered^^"the* h^f Surface In front of 
it, is shown as a broken line. 
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Nut 


Fig. 455 


















§ 52. Planes Tangent to Curved Surfaces 


1. A plane may be tangent to a curved surface in one or more 
points, depending on the form of the surface. In the lirst case the 
tangent plane mav be determined by drawing through the point 
of tangency, take'n on the curved surface, two straight line* 
respectively tangent to two curved lines passing through this point 
and lying on the curved surface, for example, to two circles on the 
surfaces of a sphere (Fi. 456, a) . An example of the second case is 
a plane which is tangent to 
a single-curved surface, 
such as a cylindrical sur¬ 
face, on which all the points 
of contact lie on one line, 
i. e., on a generatrix of the 
cylinder. This is the line of 
tangency (Fig. 456, b). 

The line of tangency is 
one of the lines determin¬ 
ing the tangent plane. A 
second line of this plane 0) 



is the tangent to any 
curved line on the given 


Fig. 456 


surface, such as the circular 
base of the cylinder. 

2. Let it be required to 
draw a plane tangent to a 
cylindrical surface, passing 
through a given point M on the 
surface (Fig. 457). 

The generatrix AB passes 
through point M. Through point 
B, i. e., the horizontal trace of 
this generatrix, draw line CD 
tangent to the circle of the base 
of the cylinder. The plane 
determined by the intersect¬ 
ing lines AB and CD is the 
required tangent plane. 

The line CD is the 
horizontal trace of the tangent 
plane. To construct the frontal 
trace, which is not shown in 
the drawing, it is necessary to 
find the frontal traces or 
piercing points of two lines 
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contained in the plane, for example, the frontal trace of the generatrix 
AB and of a horizontal passing through point Af. The frontal trace 
of the plane will pass through these frontal piercing points. 

The plane tangent to the surface of a cone and passing through 
point M on the surface is constructed in a similar way (Fig. 458). 




3. A plane tangent to a spherical surface is perpendicular to the 
radius of the sphere at the point of tangency. Therefore, to construct 
a plane tangent to the sphere at a given point M on its surface 
(Fig. 459), it is sufficient to draw through point M a horizontal 
AB and frontal ED perpendicular to radius CM of the sphere. The 
plane defined by these intersecting lines will be the required 
tangent plane. 

4. Let it be required to draw a tangent plane to a surface of 
revolution and passing through a given point M on the surface 
(Fig. 460). The method consists in drawing two curves on the 
surface of revolution through point M, the tangents to these curves 
at point M determining the required plane. 

Through point Af we draw a parallel, i. e., a horizontal section, 
and the tangent AB to this section at point M. Then a meridian 
is drawn. The frontal projection of this meridian is not shown in the 
drawing (Fig. 460). At point M a tangent to the curve should be 
drawn. In order to draw this tangent we can consider that the 
meridian, together with point M, is turned about the axis of the 
surface of revolution until it takes up a position parallel to 
plane /7 2 . Point Af will then occupy the position M'. The meridian 
will coincide with the principal meridian, i. e., with the generatrix 
to the right of the surface. Next the tangent CM' to the curve at 
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point M' is drawn. With the reverse revolution of line CM' 
point C remains stationary, since it lies on the axis of revolution. 
The intersecting lines AB and CM define the required plane. 

5. The construction of a plane tangent to a helical conoid in a 
given point M is seen in Fig. 461. 

The generatrix M4 is one of the two straight lines determining 
the required plane. As the second line AM we take the tangent to 
the coaxial helix, passing through point M. 

6. Let it be required to construct a plane tangent to the surface 
of a cylinder, passing through a point M lying outside the surface 
(Fig. 462). The required plane is determined by the line AB drawn 
through point M parallel to the generatrices of the cylinder and by 
the tangent KM to the horizontal trace of the surface of the cylinder 
drawn through the horizontal piercing point M' of line AB. The line 
of tangency on the surface of the cylinder will be generatrix KC. 
Since a second tangent LM' may be drawn to the circle of the base 
from point M' this problem has two solutions. The tangents KM' 
and LM' are the horizontal traces of planes tangent to the surface 
of the given cylinder. 

7. The construction of two planes tangent to the surface of a 
cone and passing through a point Q not contained in this surface 
is shown in Fig. 463. By joining point Q with the vertex S of the 
cone we find the horizontal piercing point M of line SQ. Through 
this point M we draw two tangents to the circle of the base of the 
cone. Lines M\K\ and M\F\ are the horizontal traces of the planes 
which pass through point Q and are tangent to the surface of the 
cone. Each of these traces together with line SM determines one 
of the tangent planes. 

8. Let it be required to pass through a point Q a plane tangent 
to the surface of a sphere (Fig. 464). 

This problem is solved by the construction of a conical surface 
with its vertex in point Q and described about the given sphere. 
A straight line is passed through the centre of the sphere C and 
point Q. Next we find the true length C 4 Q 4 of this line CQ on a new 
plane of projection /7 4 . Having constructed the projection of 
the sphere on plane /7 4 , through point Q 4 we draw tangents to this 
projection. These tangents are the projections on plane /7 4 of the 
limiting elements of a cone described about the sphere. By substitut¬ 
ing plane /7, by plane 77 5 perpendicular to the axis of the cone, 
we obtain a circle with centre Q 5 . This is the projection of the cone 
on the new plane /7 5 . 

Any plane tangent to the surface of this cone will be tangent 
to the given sphere and will pass through point Q. One of these 
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planes is shown, i. e„ that determined bv triangle Q\K. of which 
the side QN is a generatrix of the cone and the side A/C a tangent 
to the base of the cone. The point of tangency L of this plane on 
the surface of the sphere lies on the circle passing through points 
A and B. All the generatrices of the auxiliary cone touc.i the suriace 

of the given sphere on this circle. . , . . tUak 

The plane of the triangle QNK can be constructed first in the 
system of planes of projection 

77 4 -/7 1 , and then in the system X 

of planes of projection /7 r /7 2 . ^ \ 
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Fig. 463 


Fig. 46-1 


9. The construction of a tangent plane to the suriace of a 
^T^us'"pis P s”pUn^% B ir e .nii n t e o1he^iverHne^^through the 

cylfndLrwe^drawa Fne* Thf dffvvn 
through noints At, and Oi is the horizontal trace of plane v Since 
^ ^ _^ o i-vf i rv r linHor it cuts the suriace 


Diane v and their horizontal traces a, «mu «, ~ 

circle of the base of the cylinder. These are the required tangent 
Dianes The lines of tangenev are the generatrices oi the cylinder 
passing respectively through'points K and L Tbe -ce a. together 
with the generatrix passing through point a and the trace u„ 
together with the generatrix passing through point L, determine 
thf two planes tanfent to the surface of the cylinder and parallel 

to the given line AB. 
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10. Let it be required to draw a plane tangent to the surface 
of a cone and parallel to line AB (Fig. 466). 

Through the vertex S of the cone we draw a line parallel to the 
given line AB and find the horizontal piercing point M of line SM. 
Then through point M, we draw tangents to the circle of the base 
of the cone. These tangents will be the horizontal traces of planes 
tangent to the surface of the cone. These planes are parallel to line 
AB and the generatrices SC and CD are their lines of tangency on 
the surface of the cone. This problem has two solutions. 


11. The construction of a plane tangent to the surface of a sphere 
and parallel to a given plane \ is shown in Fig. 467. Since a plane 
tangent to the surface of the sphere and parallel to the given 
plane y must pass through the limiting point of a radius of the 
sphere drawn perpendicular to plane y, this problem has two 

solutions. 

We draw line AB through the centre C of the sphere 
perpendicular to plane y- We then determine points K and L in 
which this line AB pierces the surface of the sphere. When line AB 
is projected onto a new plane of projection /7 4 . to which it is 
parallel, it is seen in its true size. This new projection A a B a will 
intersect the projection of the surface of the sphere on plane /7 4 in 
points Ka and L 4 . These are the projections of the extreme points of 
diameter KL, which is perpendicular to plane y. Having constructed 
the projections of points K and L on planes /7 2 and //, as shown 
by arrows, we draw the required planes a and a through points A 

and L parallel to the given plane y- This is done wi , th the hel P °‘ 
the horizontal KN and frontal LM, also parallel to plane Y - 


fit fti 
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12. Normals to curved surfaces. In general, where 
constructing a normal to a curved surface at a point on the surface, 
using the procedure described above, it is first necessary to draw 
a plane tangent to the surface through the given point. After that 
a perpendicular to this plane is drawn through the point. 

In certain cases normals to curved surfaces are drawn without 
auxiliary lines, for example, the normal to the surface of a sphere 

in a given point passes through this point and the 
centre of the sphere. 

The solution of the problem of determining 
the distance from point A to the surface of sphere 
is seen in Fig. 468. This distance is given by the 
length of the normal AK. Point K is the piercing 
point of line AC on the surface of the sphere. The 
construction is carried out using the method of 

revolution. A 2 K 2 is the required distance. 

The shortest distance from a given point A to 
the surface of a cone (Fig. 469) is also determined 
by drawing a normal to the conical surface. 

Point A is rotated about the axis SC of the cone 

to the position A. The radius of revolution CA then 
occupies the frontal position CA. From point A 2 
we drop a perpendicular to the frontal projection S 2 B 2 of the 

generatrix SB. Point A, the intersection of the perpendicular and 
generatrix SB. is the point on the surface of the cone nearest to 

point A, so A 2 K 2 is the required distance. Lines A\K\ and A 2 K 2 are 
the projections of the normal AK. 

In Fig. 470 is shown the determination of the shortest distance 
from point A to surface of cylinder. This distance AB projects onto 
plane Pi in its true length. 

Problems and Exercises 

1. How many planes can be passed through a given point 
tangent to a surface of a) a cylinder, b) a cone and c) a sphere? 

2. Is it possible, in general, to pass a plane tangent to the 
surface of a) two cones, b) a cylinder and a cone? 

3. Draw a tangent plane through a given point on the surface 
of an elliptical cone. 

4. Draw a tangent plane to the surface of a torus passing 
through a given point on its surface. 

5. Draw a tangent plane to an oblique helicoid passing through 
a given point on its surface. 

6. Through point Af taken outside an oblique cone draw a 
tangent plane to its surface. 

7. Draw a plane a tangent to the surface of a right circular 
cone parallel to a line AB. 
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APPENDIX 


The Use of Models in Descriptive Geometry 

The special difficulty, which the beginner as a rule experiences, 
is to be able to conceive clearly the connection between the figures 
drawn on paper and the actual figures in space which they 

represent. , . .. 

In other words, when reading the text where the constructions 
on a plane drawing are explained, it is necessary to imagine as 
taking place in space the various operations used to solve the 
problem on paper with the help of points, lines and plane figures. 
This difficulty may be largely avoided by making use ol models 

at the beginning of the course. 

The drawings enabling models to be made for 24 constructions 
are given in the book. The problems are arranged so that 
by using the multiview drawings and the axonometric represen¬ 
tation the student, without help of the teacher, can stuy 
the development of surfaces and the way to lay out patterns 

for them. , . 

It has been found that by using models very clear and precise 
concepts are formed from the start and a correct method of work 

ing is acquired. 

The drawings given include models of planes of projection, 
projecting planes and geometrical figures with lines and projec¬ 
tions plotted on them. 

The dotted lines indicate the edges to be cut and the allowances 
to be left along the various sides of the pattern for overlap and 
where to glue the projecting planes to the planes of projection. 
Each pair^of planes of projection should be fixed at rightan b es 
with the help of narrow strips of paper as shown in ^ dr a wm* 
making Fig 10. Sometimes, for example in the case oli the> model 
suggested for Fig. 80, the planes of projection may be fixed at rig 

angles without using strips. , 

To represent horizontal-projecting lines match sticks may be 
used. If /match is not.long enough two may be joined. A convenient 
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way of doing this is to make a small cut in the end of one match 
while the other is sharpened into the form of a spatula. This is then 
dipped in glue and inserted into the cleft of the first match. 

When matches are supposed to stand vertically the end to be 
glued to the horizontal plane of projection should be cut clean 
and square. The matches should be held in place until the glue 
hardens sufficiently to hold them in a vertical position. 

Bases are not always necessary. Sometimes, as for example in 
the model for Figs. 57 and 59, the projection line may be fixed 
with the help of holes made in the planes of projection which are 
slightly lengthened. 

The student may himself make other models for those construc¬ 
tions which seem most difficult. Nevertheless it should not be 
forgotten that excessive use of models may hinder him from 
visualizing projections on the drawings. 

The student should endeavour to understand the drawings and 
be able to solve any problems involving projections, no matter how 
complex, by applying the methods of descriptive geometry without 
having often to resort to models. 
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Fif> 484 to Fig. 116 















Fig. 490 to Fig. 208 




Fig. 492 to Fig 269 
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FiR 493 to FiR. 292 
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